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PREFACE. 


In drawing up the following treatise for the Ency- 
clopsedia Britannica, my design has been, to pre- 
sent a general view of the principles, applications, 
and more important results of the mathematical 
theory of Probability, as laid down in the best 
and most recent works on the subject; particu- 
larly those of Laplace and Poisson: and, without 
entering into the details of mathematical difficul- 
ties, to explain the methods of applying analysis to 
the solution of the principal questions, as fully as 
the limits of the space which could be appropriated 
to the article would permit. 

In the prosecution of this design, questions con- 
nected with lotteries and games of chance, the sub- 
jects to which the earlier writers on Probability 
chiefly confined themselves, and which are frequent- 
ly supposed to form a principal part, if not the whole 
of the science, occupy but a small portion of the work ; 
indeed they are only introduced as furnishing exam- 
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ples to illustrate the principles or the formule. The 
theory of moral expectation has been developed 
at some length, because it admits of important 
applications in the affairs of life. The subject of 
mortality, and the computation of annuities and 
other pecuniary interests depending on life contin- 
gencies, (the most common application of the 
theory,) having been treated in detail under other 
heads in the Encyclopzedia, scarcely came within the 
scope of the article ; but the method of applying the 
principles of the science to the data furnished by the 
mortality tables, has been explained, and the formule 
of most frequent practical use have been deduced. 
The section on the probability of testimony and the 
verdicts of juries, is more expanded, and contains 
formulee which resolve the principal questions the 
subject presents, having regard to the different 
causes of uncertainty. In the following section, 
formule are given for obtaining approximate values 
of expressions which involve very large numbers. 
Such expressions occur in all the higher and 
more interesting applications of the doctrine of 
chances, and give rise to the greater part of the 
mathematical difficulties which attend the subject. 
The probability of the result of a large number 
of experiments or observations being contained 
within given limits, is expressed by a definite inte- 
gral, which occurs in various other applications of 
analysis ; in order to facilitate the computation of 
such probabilities, a table of the values of this inte- 
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gral is given at the end, by which, and by a simple 
arithmetical operation, we are enabled to solve a mul- 
titude of questions of the most interesting and other- 
wise difficult kind. In the investigation of the most 
probable mean value of a quantity, to be deter- 
mined in magnitude or position, from a series of ob- 
servations liable to error, and the determination of 
the limits of probable uncertainty, [ have followed the 
very general and elegant analysis of Poisson. The last 
section contains the application of the general theory 
to the determination of the most advantageous 
method of combining equations of condition, and an 
explanation of the celebrated rule of least squares, 
which is shewn to coincide with that pointed out by 
the theory as giving the most probable values of the 
elements involved. 

The principal application which has hitherto been 
made of the theory explained in the last two sec- 
tions, has been to questions of astronomy; but 
it may be applied, with equal advantage, to every 
branch of physical inquiry, or statistical research, 
where the object is to deduce precise and accu- 
rate mean results from multiplied observations, or 
to detect the existence of general laws, or the opera- 
tion of constant causes, among large masses of phe- 
nomena. 

Although considerable pains have been taken to 
treat the subject in an elementary manner, it was im- 
possible, in some places, particularly the three last 
sections, to avoid discussions which belong to the 
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more abstruse parts of the mathematics. The 
higher and more useful parts of the theory, do 
not admit of being treated in any other way, 
unless the reader is prepared to abandon the ac- 
curacy of exact science, and to accept of asser- 
tion for proof. I have endeavoured, however, to 
place the demonstrations in their clearest light, and 
to give the expressions in their simplest forms; and 
it is hoped there is nothing in the present work be- 
yond the reach of those who have a moderate know- 
ledge of the differential and integral calculus, and 
are acquainted with the first principles of the theory 
of finite differences. 

It may be proper, perhaps, to give a reason for de- - 
viating from the usual notation, by writing fractional 
expressions in the form of ratios or quotients. This 
practice was adopted for the purpose of economising 
space in printing, when it was perceived that the 
article was likely to exceed the prescribed limits. 
It may be considered objectionable on the ground of 
its being less familiar to the reader ; but as it is here 
used it can hardly occasion any real embarrassment. — 


Lonpon, 
February 12, 1839. 


PROBABILITY. 


Tue doctrine of probability is an extensive and very im- 
portant branch of mathematical science, the object of which 
is to reduce to calculation the reasons which we have for 
believing or expecting any contingent event, or for assent- 
ing to any conclusion which is not necessarily true. When 
it is considered that the whole edifice of human science, with 
the exception of a few self-evident truths, such as the axioms 
of geometry, is nothing more than an assemblage of propo- 
sitions which can only be pronounced to be more or less pro- 
bable, the importance of a calculus which enables us to ap- 
preciate exactly the degree of probability existing in each 
case, will be readily understood. 

Our reasons for judging an event to be probable or im- 
probable, are derived from two distinct sources ; first, an — 
a priort knowledge of the causes or circumstances which 
determine its occurrence ; and, secondly, when the causes 
are unknown, experience of what has already happened in 
the same circumstances, or in circumstances ‘apparently si- 


milar. Suppose, for example, a hundred white balls to be 
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placed in an urn along with fifty black balls, and that a per- 
son, blindfold, proceeds to draw a ball, there is to us, who 
are acquainted with the contents of the urn, a determinate 
probability that the ball which is drawn will be white. The 
balls being supposed to be all in precisely the same circum- 
stances with respect to facility of drawing, we assume that 
there is the same chance of drawing any one ball as of draw- 
ing any other ; and, consequently, since there are two white 
balls for each black ball, and therefore two chances of draw- 
ing one of the first colour for each chance of drawing one 
of the second, we conclude the event which consists in the 
drawing of a white ball to be twice as probable as the op- 
posite event, or the drawing of a black ball. In this case 
our knowledge of the contents of the urn enables us to 
judge of the probable result of the drawing. Suppose, how- 
ever, that antecedently to the drawing, we were entirely ig- 
norant of the contents of the urn, but that after a great 
number of trials have been made, (the ball drawn being al- 
ways replaced in the urn after each trial, in order that the 
circumstances may be the same in all the trials) it has been 
observed that a white ball has been drawn twice as often 
as a black ball, we presume that the urn contains twice as 
many white as black balls, and consequently affords twice 
as many chances of drawing a white ball as of drawing a 
black ; and this presumption becomes stronger in propor- 
tion to the number of instances included in the observation. 
In this case experience makes up for the want of a priorz 
knowledge, and affords a measure of the probability of the 
result of a future trial. 

It is only in a comparatively small number of cases that 
all the possible ways in which an event may happen are 
known @ priori, and in which, consequently, the ratio of the 
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number of chances favouring the event to the whole num- 
ber of existing chances is determinate. In fact, most of the 
questions of this class to which the calculus can be applied, 
are connected with lotteries and games of hazard. ‘The re- 
sults obtained from the analysis of such questions cannot be 
considered as being of any great value in themselves, but 
they frequently throw light on subjects of far higher impor- 
tance which present analogous combinations. It is true that 
the mathematical theory comes inaid of moral considerations, 
and demonstrates the ruinous tendency of gambling even 
when the conditions of the play are equal, mathematically 
speaking ; but, unfortunately, those who indulge a passion 
for this vice are seldom capable of appreciating the force of 
such arguments. The principaladvantage which has resulted 
from the application of analysis to games of chance is the ex- 
tension and improvement of the calculus to which it has led. 

The calculation of the probabilities of events, the chances 
of which are not known a priori, but inferred from experi- 
ence, is founded on the presumed constancy of the laws of 
nature, in obedience to which events depending on constant 
though unknown causes, are always reproduced in the same 
order when considered in large numbers. Among the vari- 
ous phenomena of the physical and moral world, nothing is 
more remarkable than the constancy which is observed to 
prevail in the recurrence of events of the same kind. The 
ratio of male to female births furnishes a. noted instance. 
If we consider only a small number of births, nothing can be 
more uncertain than the result ; but taking a very large num- 
ber, as those of a whole kingdom in the course of a year, 
the proportion of males to females is found to be almost inva- 
riable, and nearly as 21 to 20. The mean duration of hu- 
man life affords another familiar example. Notwithstand- 
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ing the proverbial uncertainty of life, the differences of con- 
stitutions, and the various accidents to which mankind are 
exposed, the average duration of the lives of a large num- 
ber of individuals living in the same country is always found 
to be very nearly the same, insomuch that~ pecuniary risks 
depending on it, if undertaken in sufficiently large numbers, 
are among the least uncertain of all commercial speculations. 
A similar constancy isremarked in the results of statistical in- 
quiries of every kind. The number of crimes of the same spe- 
cies committed in a year, the ratio of the number of acquit- 
tals to the number of trials, the number of conflagrations, of 
ships lost ina particular trade, ofletters which pass through the 
post-office, of patients admitted into the public hospitals; in ev- 
ery case the numbers in a giventime are observed to fluctuate 
between very narrow limits, and to approach nearer and near- 
er,as the observation is more extended, to fixed mean values. 

This constant approximation to fixed ratios, which is 
proved by all experience, in the recurrence of events of the 
same kind, enables us to apply the calculus of probabilities 
to many of the most interesting questions connected with our 
social and political institutions ; and to determine the aver- 
age result of a series of coming events with as much precision 
as if their chances were determinate, and known a priori, like 
that of obtaining a given point withthe throw ofa die. What- 
ever be the nature of the phenomenon under consideration, 
whether it belong to the physical or moral order of things, 
the calculus is equally applicable when the requisite data 
have been determined from experience. 

The foundations of the mathematical theory of probabili- 
ties were laid by Pascal and Fermat about the middle of 
the 17th century. Among some other questions relating 
to chances, the following was proposed to Pascal. “ Two 
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persons sit down to play on the condition that the one who 
first gains three games shall be the winner of the stakes. 
The first having gained two games, and the second one, 
they agree to leave off and divide the stakes in proportion 
to their respective probabilities of winning: what share is 
each entitled to take?” Pascal solved the question, but by 
a method which was applicable only to the particular case. 
Fermat, to whom it was communicated by Pascal, employ- 
ed the direct and general method of combinations, and gave 
a solution which could be applied to the case of any num- 
ber of players. His reasoning, however, did not at first 
appear to Pascal to be satisfactory, and a correspondence 
on the subject took place between these two illustrious 
geometers, which is preserved in their respective works, and 
throws some light onthe history of mathematics in that age.! 
About the same period Huygens composed his tract De 
Ratiociniis in Ludis Alee, which was first published in the 
Exercitationes Geometrice of Schooten in 1658. This was 
the first systematic treatise which appeared on the doctrine 
of chances. It contained an analysis of the various ques- 
tions which had been solved by Pascal and Fermat, and 
at the end five new questions were proposed, the solutions 
of which, simple as they may now appear, were then attend- 
ed with considerable difficulty. The analysis of two of them 
was in fact given for the first time by Montmort, halfa cen- 
tury after their publication. Huygen’s tract was translated 
into English and published in 1692, with some additional re- 
marks relative to the advantage of the banker in the game 
of Pharaon, in an Essay on the Laws of Chance, edited and 


1 G2uvres de Blaise Pascal, tome iv. Paris, 1819; Opera Petri de 
Fermat, Tolose, 1679. 
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supposed to have been written by Motte, then Secretary of 
the Royal Society. 

James Bernoulli appears to have been the first who per- 
ceived that the theory of probability may be applied to much 
more important purposes than to regulate the stakes and ex- 
pectations of gamesters, and that the phenomena, both of the 
moral and physical world, anomalous and irregular as they 
appear when viewed in detail, exhibit, when considered in 
large numbers, a constancy of succession which renders their 
occurrence capable of being submitted to numerical esti- 
mation. The Ars Conjectandi, published in 1713, seven 
years after the death of the author, contains a number of in- 
teresting questions relative to combinations and infinite 
series ; but the most remarkable result which it contains is a 
theorem respecting the indefinite repetition of events, which 
may be said to form the basis of all the higher applications 
of the theory. It consists in this, that if a series of trials be 
instituted respecting an event which must either happen or 
fail in each trial, the probability becomes greater and greater, 
as the number of trials is increased, that the ratio of the 
number of times it happens, to the whole number of trials, 
will be equal to its a priori probability in a single trial ; 
and that the number of trials may be made so great as to 
give a probability, approaching as nearly to certainty as we 
please, that the difference between the ratio of its occurren- _ 
ces to the number of trials, and the fraction which measures 
its a priori probability, will beless than any assigned quan- 
tity. Bernoulli informs us, that the solution of this impor- 
tant theorem had engaged his attention during a period of 
twenty years. | 

In the interval between the death of Bernoulli and the 
appearance of the Ars Conjectandi, Montmort published 
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his Essai d’ Analyse sur les Jeux de Hazard. The first 
edition was in 1708; the second, which is considerably ex~ 
tended, and enriched by several letters of John and Nicolas 
Bernoulli, appeared in 1713. The work possesses consi- 
derable merit ; but being chiefly confined to the examina- 
tion of the conditions of games of chance, many of which 
are now forgotten, it has lost much of its original interest. 
About the same time, Demoivre began to turn his atten- 
tion to the subject of probability, and his labours, which 
were continued during a long life, contributed greatly to the 
advancement of the general theory, as well as the extension 
of some of its most interesting applications. Demoivre’s 
first publication on the subject was a Latin memoir De Men- 
sura Sortis, in the Transactions of the Royal Society for 
1711. His Essay on the Doctrine of Chances first appeared 
in 1716; a second edition in 1738; but the third and most 
valuable, including also his Treatise on Annuities on Lives, 
is dated 1756. This work contains a great variety of ques- 
tions relating to chances, solved with much clearness and 
elegance ; but it is chiefly remarkable for the theory of re- 
curring series, there given for the first time, which is of im- 
portant use in investigations of this kind, and is in fact 
_ equivalent to the methods employed in the modern calculus 
for the integration of equations of finite differences having 
constant co-efficients. Of the particular results obtained by 
Demoivre, one of the most important in reference to theory, 
is an extension of the theorem of James Bernoulli, above 
mentioned. It follows from Bernoulli’s theorem, that if we 
have a given probability that the ratio of the number of 
occurrences of an event to the whole number of trials, will 
approach to the a priori probability of the event within 
certain given limits, those limits will become narrower and 
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narrower, as the number of trials is multiplied ; but in order 
to complete the theorem, it is necessary to assign the nu- 
merical value of the probability that in a large number of 
future trials, the number of occurrences will fall within as- 
signed limits. For this purpose we must find the product 
of the natural numbers 1, 2, 3, 4, &c., up to the number of 
trials ; an operation which, if attempted by direct multipli- 
cation, becomes very laborious, even when the number of 
trials is inconsiderable, and when the number is great, as 
10,000 for example, is altogether beyond the reach of human 
industry. A formula was however discovered by Stirling, 
by means of which an approximate value of the product is 
found by the summation of a few of the first terms of a series 
which converges the more rapidly as the number of trials is 
greater. With the aid of this formula, Demoivre was en- 
abled to assign the probability in question, and thus give a 
practical value to the theorem of Bernoulli. 

The objects and important applications of the theory of 
probabilities having been made known by the works now 
mentioned, the subject has ever since been regarded as one 
of the most curious and interesting branches of mathemati- 
cal speculation, and accordingly has received more or less 
attention from almost every mathematician of eminence. A 
great variety of questions connected with it and especially 
relating to lotteries, are interspersed in the volumes of the 
Paris and Berlin Memoirs, (particularly the latter,) by John 
and Nicolas Bernoulli, Euler, Lambert, Beguelin, and others. 
D’Alembert has likewise treated of the theory in several of 
the volumes of his Opuseula ; and itis not a little remarkable, 
that in some instances its first principles should have been 
misunderstood by so ingenious and profound a writer. In 
the St. Petersburg Memoirs, (vol. v.) there is an interesting 
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paper by Daniel Bernoulli on the relative values of the ex- 
pectations of individuals who engage in play, or stake sums 
on contingent benefits, when regard is had to the difference 
of their fortunes; a consideration which, in many cases, it 
is necessary to take into account ; for it is obvious, that the 
value of a sum of money to an individual, depends not mere- 
ly on its absolute amount, but also on his previous wealth. 
On this principle Bernoulli has founded a theory of moral 
expectation, which admits of numerous and important appli- 
cations to the ordinary affairs of life. The Transactions of 
the Royal Society for the years 1763 and 1764, contain two 
papers by the Rev. Mr. Bayes, with additions to the latter 
by Dr. Price, which deserve to be noticed, inasmuch as the 
principles on which the probability of an event is determin- 
ed, when the event depends on causes of which the exis- 
tence and influence are only presumed from experience, 
are there for the first time correctly laid down. The ques- 
tion proposed and solved by Bayes was this: a series of ex- 
periments having been made relative to an event, to deter- 
mine the presumption there is, that the fraction which mea- 
sures its probability falls within given limits. 

One of the earliest applications of the theory of probabi- 
lity was to determine, from observations of mortality, the 
average duration of human life, and the value of pecuniary 
interests depending on its continuance or failure. This 
particular application appears to have been first thought of, 
or at least attempted to be carried into practical effect, in 
Holland, by Hudde and the celebrated pensionary De Witt; 
but the first tables of mortality, with the corresponding va- 
lues of annuities on single lives, were constructed by our 
illustrious countryman Dr. Halley, and published in the ° 
Philosophical Transactions for 1693. For the history of 


‘ 


10 PROBABILITY. 


this branch of the subject, we refer to the two articles, AN- 
nurTies and Mortautry in the seventh edition of the En- 
cyclopedia Britannica. We may remark, however, that 
although the English writers, who have expressly treated 
of it, have almost without exception confined themselves to 
the explanation of the methods of computing annuity tables, 
and of determining from them the values of sums depend- 
ing on life contingencies, the aid which this branch of eco- 


_ nomy derives from the general theory of probabilities, is by 


no means confined to the consideration of such elementary 
questions. The number of observations necessary to in- 
spire confidence in the tables, the extent to which risks 
may be safely undertaken, the comparative weights of dif- 
ferent sets of observations, and the probable limits of de- 
parture from the average results of previous observations ina 
given number of future instances, are all questions of the ut- 
most importance, which come within the scope of the calculus, 
and cannot, in fact, be justly appreciated by any other means. 

The application of the theory of probability to the subject 
of jurisprudence, and the verdicts of juries and decisions of 
tribunals, has been discussed by the Marquis Condorcet in va- 
rious articles in the Eneyclopédie Méthodique ; but more 
especially in his Essaz sur Papplication de ? Analyse a la 
Probabilité des Decisions rendues & la Pluralité des Voix, 
Paris 1785; a work of great ingenuity, and abounding with 
interesting remarks on subjects of the highest importance to 
humanity. James Bernoulli, it appears, had intended to 
treat jurisprudence as a branch of probability in the Ars 
Conjectandi, but his premature death prevented that work 
from being completed. There is a memoir on the subject 
by his nephew Nicolas, in the Leipsic Acts for 1711. The 
most important questions to be determined, are the number 
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of jurors of which a jury ought to consist, and the majority 
which should be required to agree in a verdict in order to 
afford, on the one hand, the greatest probability that an ac- 
cused person will not be wrongly condemned ; and, on the 
other, to give to society the greatest security that its inter- 
ests will not be compromised, by allowing tco great facili- 
‘ties for the guilty to escape. This important subject has 
been treated more profoundly, and with numerical elements 
derived from much better data than existed in the time of 
Condorcet, in a recent work by Poisson, to which we shall 
presently allude. 

Another of the moral subjects to which the theory of pro- 
bability has been applied, and connected with the preceding, 
is the appreciation of the evidence of testimony. In mat- 
ters of this kind, it is easy to see that the calculus must be 
founded almost entirely upon hypothetical data. The vera- 
city of a witness can scarcely be made the subject of direct 
experiment ; and by reason of the complicated circumstan- 
ces with which the facts forming the subject of testimony 
are usually accompanied, and the numberless ways in which 
mankind are influenced by their passions, credulity, or ig- 
norance, it is perhaps equally impossible to deduce an aver- 
age value from the comparison of a great number of state- 
ments which have been ascertained to be true or false. Nu- 
merical results can therefore only be obtained by having re- 
course to hypotheses, and consequently must be considered 
as only probable approximations. The knowledge, however, 
-which is thus obtained of the various combinations of the 
quantities concerned, affords important aid in guiding our 
judgments in complicated cases, and when we have to de- 
cide upon conflicting testimony. Approximations deduced 
from a train of accurate and systematic reasoning, are al- 
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ways to be preferred to the most specious arguments drawn 
svom any other source. 

The analysis of probability has been applied with signal 
advantage in many researches of Natural Philosophy, but 
especially in appreciating the mean errors of observations. 
Owing to the imperfections of sense and of instruments, phy- 
sical magnitudesare onlysusceptible of being measured with- 
in certain limits of accuracy ; and where the last degree of 
precision is indispensable, as in practical astronomy, it is on- 
ly by means of a very great number of measures, compared 
with one another, and combined according to the methods 
which this calculus points out, that we can obtain the near- 
est approximation to the true values which the observations 
are capable of giving. ‘Themeanerrors of observations were 
treated as questions of probability by Lagrange in the Turin 
Memoirs for 1773 ; but it is to Laplace that the theory owes 
its principal extension and most important results. ‘The me- 
thod of combining numerous equations of condition now 
universally followed, known as the method of minimum 
squares, and which Laplace has demonstrated to be that 
which leaves the least probable amount of error in the final 
equations, was made known by Legendre in an Appendix to 
his Nouvelles Méthodes pour la Détermination des Orbites 
des Cométes, published in 1806. A similar method, however, 
or rather the same, (for they are identical in principle,) had 
been discovered by Gauss, and employed by him for several 
years before the work of Legendre made its appearance.' 

Laplace’s great work, the Théorie Analytique des Proba- 
bilités, first published in 1812, is one of the most remarkable 
productions that has ever appeared in abstract science. The 


' Theoria Motus Corperum Ceelestium, p. 221. 
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principles of the calculus, as well as the peculiar methods 
of analysis which it requires, and the most interesting and 
difficult questions which it presents, are here discussed ina 
far more general manner than had been attempted by any 
former writer on the subject; and it may be said, accord - 
ingly, to have placed the theory under an entirely new aspect. 
It is much tobe regretted that so little pains have been taken 
by the illustrious author to render the work intelligible to the 
generality of mathematical readers. Consisting for the greater 
part of separate memoirs presented at different times to the 
Academy of Sciences, arranged without regard to symmetry 
or order, it abounds with repetitions which only serve to em- 
barrass the student; while the deficiency of explanation com - 
bined with the subtlety of the analysis, and the inherent intri- 
cacy of the subject, render it often a painfully difficult task to 
seize the force of the demonstrations. Notwithstanding these 
defects, however, it forms one of the most splendid creations 
of mathematical genius ; and is alike admirable, whether we 
regard the extension which has been given to the calculus, 
or the results which have been arrived at, or the tone of 
lofty philosophy in which subjects bearing on some of the 
most important concerns of mankind are treated. 

Next to the Théorie Analytique of Laplace, the most im- 
portant work which has hitherto appeared on the subject of 
probability is the recent one of Poisson, entitled, Recherches 
sur la Probabilité des Jugements, (Paris 1837.) Although it 
might be inferred from the title that this work relates only to 
a single though very interesting application of the theory, the 
greater part of it is devoted to the developmentand demon- 
stration of the general principles, and the discussion of the 
principal questions which present themselves in the differ- 
ent applications ; and it is only in the last of the five books 
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of which it consists that the special subject to which the title 
refers is taken into consideration. In applying the theory 
to the decisions of tribunals, Condorcet and Laplace had been 
unable to obtain positive results from the want of authentic 
data; but the recent publication by the French government 
of the Comptes Généraux de ?_ Administration de la Justice 
Criminelle, in France, having furnished an immense collec- 
tion of facts from which the requisite data could be obtained, 
Poisson was led to consider the subject anew, and the results 
of his investigations, which are of singular interest, are given 
in the work now mentioned. Poisson had already given a 
theory of the mean errors of observations in the Additions 
to the Connaissance des Tems for 1827 and 1832. 

It is in these two works of Laplace and Poisson that the 
higher and more abstruse parts of the theory of probabilities 
must be studied. A very clear exposition of the principles, 
accompanied with many interesting remarks on the uses and 
applications of the theory, is given by Lacroix in his valu- 
able little work, Traité Eilémentaire du Calcul des Proba- - 
bilités, Paris 1822. 

Since the time of Demoivre, the English treatises on the 
general theory of probability have neither been numerous, 
nor, with one or two exceptions, very important. Simpson’s 
Laws of Chance (1740) contains a considerable number of 
examples, in the solution of which the author displays his 
usual acuteness and originality, but as they belong entirely 
to that class in which the chances are known a priori, they 
give no idea of the most interesting applications of the theory. 
Dodson’s Mathematical Repository contains a large selection 
of the same kind. The Essay in the Library of Useful 
Knowledge, by Mr. Lubbock, gives a more comprehensive 
and philosophical, though an elementary view of the sub- 


HISTORY OF THE SCIENCE. 15 


ject ; ‘put by far the most valuable work in the language is 
the Treatise in the Encyclopedia Metropolitana, by Pro- 
fessor De Morgan, 1837. In this very able production, Mr. 
De Morgan has treated the subject in its utmost generality, 
and embodied, within a moderate compass, the substance of 
the great work of Laplace. 

Within the limits to which the present article must be 
confined, it would be hopeless to attempt giving a complete 
view of a branch of science which embraces so many com- 
plicated and intricate subjects of research, and which re- 
quires the aid of some of the most abstruse and recondite 
theories of the modern mathematics. In the higher appli- 
cations of the theory, the analysis of many of the questions 
which arise, in order to be made intelligible, would require 
an extent of development and a parade of mathematical for- 
mulz altogether incompatible with the plan and scope of 
this work. All that we can propose to ourselves, therefore, 
is to explain as briefly as may appear consistent with perspi- 
cuity, the general principles of the theory, and to give an 
outline of the manner in which these are applied to some of 
the more important questions which have been investigated 
by Laplace and Poisson. The examples will be selected 
with a view to shew the nature of the principal results of the 
mathematica! theory, as well as the peculiar methods of ana- 
lysis which are of most genera! application. 


ft? 
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SECTION I. 
GENERAL PRINCIPLES OF THE THEORY OF PROBABILITY. 


1. The term probable, in its popular acceptation, is used 


~ in reference to any unknown or future event, to denote that 


in our judgment the event is more likely to be true than 
not, or more likely to happen than not to happen. With- 
out attempting to make an accurate enumeration of the va- 
rious circumstances which are favourable or unfavourable 
to its occurrence, or to balance their respective influences, 
we suppose there is a preponderance on one side, and ac- 
cordingly pronounce it to be probable that the event has 
occurred, or will occur, or the contrary. 

2. If we can see no reason why an event is more likely © 
to happen than not to happen, we say it is a chance whe- 
ther the event will happen or not; or if it may happen ir 
more ways than one, and we have no reason for suppos- 
ing it will happen in any one of these ways rather than in 
another, we say it is a chance whether it will happen in any 


‘assigned way or in any other. Suppose, for example, an 


unknown number of balls of different colours to be placed 
in an urn, from which a ball is about to be extracted by a 
person blindfold. Here we have no reason for supposing 
that the ball about to be drawn will be of one colour rather 
than another, that it will be white rather than black, 
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or red; and accordingly say it is a chance whether the ball 
will come out of a particular colour, or a different. In this 
instance, then, the term chance denotes, simply, the absence 
of a known cause. If, however, we are made acquainted 
with the number of balls in the urn, and the number there 
are of each of the different colours, the term is used in a 
definite sense. For instance, suppose the urn to contain 
ten balls, of which nine are white, and the remaining one 
black, we say there are nine chances in favour of: drawing a 
white ball, and one chance only in favour of drawing the 
black ball. Chance, in this sense, denotes a way of hap- 
pening, or a particular case or combination that may arise 
out of a number of other possible cases or combinations ; and 
an event becomes probable or improbable according as the 
number of chances in its favour is greater or less than the 
number against it. Chance and presumption are also fre- 
quently used synonymously with probability. 

3. The mathematical probability of any event is the ratio | 
of the number of ways in which that event may happen 
to the whole number of ways in which it may either hap- 
pen or fail. Thus, recurring to the previous example, the 
event, namely, the drawing of a ball from an urn con- 
_ taining 9 white balls and 1 black, may happen in 10 dif- 
ferent ways, inasmuch as any one of the 10 balls may be 
drawn ; but in one only of those ways will the event be a 
black ball; and therefore the probability of drawing the 
black ball is 34. In like manner, as there are 9 differ- - 
ent ways in which a white ball may be drawn, or 9 
chances of drawing a white ball, and ten chances in all, the 
probability of drawing a white ball at the first trial is ;%. 
It follows immediately from this definition, that the proba- 
bility of drawing a ball of either colour will remain the same, 
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however the number of balls in the urn may be increased, 
provided those of each colour are increased in the same pro- 
portion. For instance, suppose the number of white balls 
to be 45, and the number of black balls to be 5; the num- 
ber of chances in favour of drawing a black ball is 5, 
while there are 50 chances in all, consequently the pro- 
bability of a black ball being drawn is ,= 4/5. In the same 
manner, the probability of drawing a white ball is 44= 9 ; 
the same as before. Generally, let E and F be two con- 
trary events, that is to say, such that the one or the other 
of them must necessarily happen, and both cannot happen 
together ; and let a@ be the number of chances or combina- 
tions which produce the event E, and 6 be the number of 
combinations which produce the event F, or cause the fail- 
a 


ure of E; then the probability that E will happen is are 33 


and the probability that F will happen, or that E will o¢ 


happen is . In future, the term probability will be us- 


b+a 
ed only to signify mathematical] probability. 

4. It is to be carefully remarked, that the different 
chances or combinations which form the elements of pro- 
bability are supposed to be perfectly equal. If this equa- 
lity does not hold, and there is any circumstance respect- 
ing the event under consideration which renders one com- 
bination or set of combinations more likely to occur than: 
another, the different combinations must be multiplied by 
numbers proportional to their respective facilities, after 
which the units in each multiplier may be regarded as so 
many distinct chances, from which the probability of the 
event will be found by the above formula. This is equiva- 
lent to saying that a combination or chance which is twice 
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as likely to happen as another, must be regarded as two 
equal and similar combinations in comparison of that other ; 
a proposition which is sufficiently obvious. 

5. It follows from the above definition, that the probabi- 
lity of any contingent event is measured by a fraction less 
than unity, and may have any value between 0 and 1. It 
follows, also, that the sum of the two fractions which mea- 
sure the probabilities of two contrary events is equal to 
unit, which is the measure of certainty, inasmuch as either 
the one or the other necessarily occurs. Thus, in the last 


example, the probability of the event E is Fae and that of 


=—1. Hence 


the contrary event F is oa 
a+b 

if p denote the probability of any event E, and ¢ the pro- 
bability of the contrary event F, we have g=1—p. This 
consequence of the definition is of great importance in the 
calculation of probabilities. 

6. We have here supposed the result of a trial to be ne- 
cessarily one or other of two events E and F ; but it is easy 
to imagine the trial to be of such a kind that it may give 
rise to any one of a number of events E, F, G, H, &c. each 
having a given number of chances in its favour. This case 
is represented by supposing an urn to contain balls of as 
many different colours or sorts as there are different events. 
Let the urn be conceived to contain a balls of the sort 
which produces the event E, 6 of the sort which produces 
F, e of the sort which produces G, and so on; and let a 
b+c+d, &c. =k, so that k is the whole number of balls in 
the urn. The probabilities of the different events E, F, G, 
H, &c. are then, respectively, by the definition, 
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SO tk od 

B ¥ Be he }? 
the sum of which =1. In fact, if a ball be drawn at all, 
it must be of one or other of the different sorts contained in 
the urn; and consequently the sum of all the probabilities 
amounts to unit or certainty. 


&e. 


7. When an event is compounded of two or more simple 
events independent of each other, the probability of the 
compound event is equal to the product of the probabilities 
of the several simple events of which it is compounded. 
Let us imagine two urns, A and B, of which A contains a 
white balls and 6 black, and B contains a’ white and 0’ 
black. Make a+ b=c, and a’+6’=c’, and let the com- 
pound event whose probability is to be determined be the 
_ drawing of a white ball from both urns. Now, as each of 
the ¢ balls in A may be drawn with any one of the c’ balls 
in B, the whole number of ways in which the balls in A 
may be differently combined by pairs with the balls in B, 
or the whole number of possible cases is ec’.. But the num- 
ber of cases favourable to the compound event is evidently 
the number of different ways in which a white ball may be 
drawn from A with a white ball from B, and therefore equal 
to aa’. Hence by the definition (4), the probability that a 


/ 
white ball will be drawn from both urns is ~ . WOW, aE 


p denote the probability of drawing a white ball from A, 
and p’ that of drawing a white ball from B, we have by the 
/ 

definition p= — and p’= > ; whence <= PP 

In general, let p denote the probability of an event E, 
p’ that of another event E’, p” that of a third E”, and so 
on; then the probability of the concourse of the events E, 
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E’, E”, &c., or the probability that they will all happen, is 
pxp' xp”, &c.; that is to say, the probability of an event 
compounded of any number of simple and independent 
events, is the product of the respective probabilities of 
the several simple events. 

‘The probabilities that the several simple events E, E’, 
E,’’ &c., will not all happen, or that some of them will hap- 
pen and others fail, are easily determined in the same man- 
ner ; it will be sufficient to indicate their. several expres- 
sions. Suppose there are only three simple events, of which 
the probabilities are respectively p, p’, and p’’; and let 
g=1—p, 7=1—p’, ¢’=1—p". The product pq’q" ex- 
presses the probability of the compound event which con- 
sists in E happening and E’ and E” both failing; qp’q’’ is 
the probability that E’ will happen, and that E and E” will 

both fail; pp’p” is the probability they will all three happen ; 
1—pp’p” is the probability they will zo¢ all three happen, or 
that one of them at least will fail ; gq’q’’ is the probability 
they will all fail ; and*1—gqq’q’’ is the probability they will 
not all three fail, or that one at least of them will happen. 

8. As an example of the application of this rule, suppose 
it were required to assign the probability of throwing aces, 
at one throw, with two common dice. As a common die 
has six symmetrical faces, there are in respect of each die 
six ways equally possible, in which the simple event may 
happen. ‘The probability therefore of throwing ace with 
one die is 3, that is, p=}. In respect of the second die, 
we have also p’=$; hence the probability of the compound 
event, or that aces will be thrown is pp’=4x4=;3,. The 
probability that aces will xo¢ be thrown at any assigned trial 
is therefore (5) 1—;,=%2; and the odds against throwing 
aces at any given trial are 35 to 1. 
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Again, suppose two numbers, each consisting of 7 di- 
gits, to be taken at random, (for instance from a table of 
logarithms), and let it be proposed to assign the proba- 
bility that the substraction of the one from the other will 
be performed without its being necessary, in any case, 
to increase the upper figure. Here, as each digit may 
have any one of the ten values from 0 to 9 both inclusive, 
and as each of those values in the upper line may be com- 
bined with any one of them in the lower line, there are 100 
different combinations or equally possible cases for each par- 
tial substraction. Now, if the upper figure be 0, there is 
only one of those cases favourable to the event, or which 
will admit of the substraction being performed, namely, 
when the figure below is also 0. Ifthe upper figure be 1, 
there are two cases favourable, namely, those in which 
the under figure is 0 or 1. Ifthe upper figure be 2, there 
are three favourable cases, namely, when the under figure 
is 0, 1, or 2. Proceeding in this way through all the di- 
gits, the whole number of favourable cases is found to be 

142434445+46474849410=55. 

Hence, for each partial substraction there are 55 favourable 
cases out of 100 possible cases ; therefore (4) the probabi- 
lity that any one of the figures in the upper line is not less 
than the corresponding figure in the under line is 555, ; and 
we have p=p’=p"=&c.=;55 for the probability of each 
of the seven simple events or partial substractions, whence, 
by (7), the probability of the compound event is 


55 


x00) =(-55)7=0152243, 


pxp' xp"x kom 


which is Jess than ,4, and greater than 3. 
9. When an event may happen in several different ways, 


GENERAL PRINCIPLES. i 


each independent of the others, the probability of the event 
is the sum of all the partial probabilities taken in respect 
of each of the different ways. i 
Suppose there are m different urns A,, A, Py. Way ae 
each containing balls of two colours, white wa black, and 
let the whole number of balls in each urn respectively, be 
Crh Cc Hey 
and the number of white balls in each be 
Bis has Beosnn es Oes 
and let the event E be the extraction of a white ball in 
drawing a ball from any urn at random. In this case there 
are 7 different ways, all equally probable, in which the event 
may happen, for it may be drawn with equal facility from 
any one of the urns. The probability that the ball will be 


: 1 eee 
drawn from any given urn, A,, is therefore oe and if it 
be drawn from this urn, the probability of its being white is 


“2; therefore, by (7), the probability of a white ball being 
1 


1 
drawn from A, is = “1, In like manner the probabi- 


3 
lity of a white ball being drawn from A, is shewn to be 


bey, , 1. @ 
—.-— ; from A, to be sh —, and so on. Denoting 
c c 


a Se 5 
therefore by p the whole probability of the event E, the 
proposition affirms that 


pa (Se +“), 


| a, a 
To prove this, let the fractions rk = &c. be reduced 

ES 2 
to a common d€nominator, and suppose the equivalent frac- 


tions to be 


T 


a fe i ie, 
f : ‘ yy pas 3 f tee NZ.. 
rd F Sif 4 s, A | hy = i ols 
ry i Ge Ai asl Gre fi ge Pe —_ wawmes & ef oF - * ith 
CLaS fea £3 Bee Lem. x j SFA 5 wt / , ? 
/* 7 fs 


é ) es 
A ey ene 
ae fA. 6; ®t —— & 
= ' 2 
% 
f " on peo ss LS a ti 
on Wha. ae 2 aa pave = sesh ne rd Se 
i wit & Ps i eae, 
- See: & 
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We may now conceive the urns A,, A,, A;...A, to be re- 
placed by others, each containing the same number, y, of 
balls, and of which the first contains a, white balls, the se- 
cond a,,and so on; and itis evident that the chance of a white 
ball being drawn from this new system of urns will be pre- 
cisely the same as it was for a white ball being drawn from 
the first system. Now the probability of drawing a white 
ball from the new system will not be altered by placing the 
whole of the zy balls in a single urn, for they may still be 
conceived as arranged in groups, disposed in any manner 
whatever, each group containing the same number of balls, 
and the same proportion of white to black as were in the 
separate urns; and as each group contains the same num- 
ber of balls, the chance of laying the hand on any one group 
is the same as that of laying it on any other. The probabi- 
lity of drawing a white ball from the single urn, is therefore 
the same as for drawing it from the group of separate urns 
which contain each the same number of balls. But the pro- 
bability of drawing it from the single urn is the ratio of the 
number of white balls contained in the urn to the number of 
both colours, therefore (this probability being p) we have 


] 
= (ta beats one +4,) 


ee Fae : 
whence, substituting for +, —*, &c., their respective 
Y 


1 


a8 
values, 1, —* &c., we have 
Ci > #@ 


p= (+ + eevee + — J. 


As a particular case suppose this urns A, B, Ctobe placed 
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together, of which A contains 2 white balls and 1 black ; 
B 3 white balls and 2 black, and C 4 white and 3 black, 
and let it be required to determine the probability p of a 
white ball being drawn from the group by a person who is 
ignorant of the contents of the different urns. As there is no 
reason for selecting one urnin preference toanother, the pro- 
bability that he will put his hand into the urn A is £; andif 
he draw from this urn the probability that a white ball will 
be drawn is 2, there being 2 cases favourable to that event, 
and 3 cases in all. The probability of both events is there- 
fore} x 3 = %. In like manner, the probability of the ball 
being drawn from B is 1; and if drawn from B the proba- 
bility of its being white is 2; therefore, the probability of 
this compound event is} x 3 = 5 Lastly, the probability 
of the ball being drawn from C is 4; and if drawn from C 
the probability of its being white is 4; therefore, the pro- 


bability of this compound event is } X 4 = 34. Hence, , 


by the proposition now demonstrated, the complete pro- 
bability of the event E is 
$+ + at Qk = 543 
If all the balls Ha -been placed in a single urn, the proba- 
bility of drawing a white ball would have been ,°,, for there 
are 3-+- 5 + 7 = 15 balls in all, of which 24+ 3+4+4= 9 


are white. But 5% = 442; a fraction which differs sensibly | 
from 323, the measure of the probability of the same event _ 
when the balls are distributed in the manner above supposed | 


amongst the different urns. The distinction between the two 
cases is important. 

10. The rule laid down in (7) for finding the probability 
of a compound event applies alike whether the simple events 
are determined simultaneously or in succession. In fact, 


when the simple events are entirely independent of each 
c 


wrigee 
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other, the chances which determine the compound event are 
not influenced in any way by the intervention of time. Sup- 
pose, for example, the compound event to be the throwing 
of a certain number of points with a given number m of 
dice; the chances for and against the event are obviously 
the same whether the m dice are thrown at once, or a single 
die is thrown m times successively. But as the determin- 
ation of the probability of a compound event is in general 
facilitated by supposing the simple events to be decided one 
after the other, it will be convenient to view the subject in 
this light in explaining the method of forming the differ- 
ent combinations of the chances by which the probabilities 
of compound events are determined. 
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SECTION II. 


OF THE PROBABILITY OF EVENTS DEPENDING ON A REPE- 
TITION OF TRIALS, OR COMPOUNDED OF ANY NUMBER 
OF SIMPLE EVENTS, THE CHANCES IN RESPECT OF WHICH 
ARE KNOWN A PRIORI, AND CONSTANT. 


11. Suppose an urn to contain a + b balls, @ white and 
6 black, and let a ball be successively drawn, and replaced 
in the urn after each drawing, in order that the chances in 
favour of drawing a ball of either colour may be the same 
in every trial, and let it be required to find the respective 
probabilities of the different possible results of any number 
of drawings. 

Let us first suppose the number of trials to be two. The 
event may happen in anyof these four different ways: first 
white, second white; first white, second black; first black, se- 
cond white ; first black, second. black. Assuming W to re- 
present the simple event which consists in the drawing of a 
white ball, and B that of a black ball, and supposing the or- 
der of the arrangement of the two letters to correspond with 
the order of succession of the simple events, the four pos- 
sible cases or combinations will be represented thus :— 

WW, WB, BW, BB. 
Now let the probability of drawing a white ball in any 
trial be p, and that of drawing a black ball be g, (whence, 
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non : : ) the probabilities of the four possible 


a+b ~ a+b 
compound events are by (7) respectively as under : 
probability of WW = p X p= p? 

of WB =p X ¢s=.p9 

of BW -c2.9 % p x pe 

of BB =qx q= 9? 
If we disregard the order of succession, and consider the two 
arrangements WB and BW, which are equally probable, as 
forming the same compound event, namely, a ball of both 
colours in the two trials, the probability of this event, by 
(9), becomes 2 pg. The sum of the probabilities of all the 
possible arrangements is therefore 

Po +2pg+ P= (P+ 9)? 

whence it appears that the probabilities of the different ar- 
rangements in two trials are respectively the terms of the 
development of the binomial, (p+ q)*. 

Let us next suppose the number of trials to be three. 
The different arrangements that may be formed of the 
simple events in three trials, with the probability of each 
respectively, are as follows :— 

WWW, probability of which =ppp=p® 


WWE, eeiivnissss, (aya =ppq=p'q 
WY WOW cose seevelacenaccpaere =pqp=p"q 
BOW Wg o's si sce vee cee Jes dhe bape EEO 
WY IS Edy © sccisduceccedechuscudbusee =pqq=py’ 
ib Be Meare per re enw eoe a! =9pq=pr 
BBW 55 oo pe, see sidgapenvccs utes Ca QUEee 
DB By 10 veces » =gqg=9q" 


It thus appears that the sectialice of obtaining two events 
of one kind, and one of the other, is the same in whatever 
order they succeed each other, and, in fact, is independent 
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of the order. Disregarding, then, the order of succession, 
and considering the combination of two white balls with 
one black, in whatever order they may be arranged, as the 
same compound event, the probability of its occurrence iz 
any order whatever, being the sum of its probabilities in 
each particular order (9), is 3p?g. In like manner, regard- 
ing the combination of two black balls with one white, in any 
order of arrangement, as the same compound event, its pro- 
bability is 3pq?. The compound event resulting from three 
trials must then happen in one of four different ways, namely, 
3 white balls; 2 white, combined with] black, in any order ; 
2 black, combined with one white, in any order; or, lastly, 
3 black; and the sum of the probabilities of these different 
cases is | 
P?+3p'g+3p7 +P =(P+9"- 

. Hence the probabilities of all the different possible combi- 
nations in three trials are respectively given by the deve- 
lopment of the binomial (p+ q)°>. 

12. In general, let p denote the probability of any simple 
event E, then the probability of E happening twice in two 
trials is p*, of happening thrice in 3 trials p*, and of hap- 
pening m times in m successive trials, p”. In like manner, 
the probability of the contrary event F being ¢ (p+q=1), 
the probability of F happening ~ times in z successive trials 
is g®. Hence (7) the probability of E happening m times, 
and then F happening 7 times in succession, in m+-7 trials, 
is pg". But the probability of these events happening in 
any assigned order is the same as that of their happening in 
any other assigned order ; therefore p”g" is the measure of 
the probability that E will occur m times, and F will occur 
n times in a determinate order. Now, let m-+-n=h, and let 
U be the number of different ways in which m events E, and 
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a events F’, can be combined in / trials, and P be the proba- 
bility of any one of these combinations whatever, or the proba- 
bility of E occurring m times, and F occurring z times in h 
trials, without regard to the order in which they succeed 
each other, we have then 

P= Uo". 

In order to determine the value of U, we may suppose 
the events in question to be so many different things repre- 
sented by the letters A, B, C, D, E, &c. of which there are 
m of one kind, and x of another, and make m-+-n=h ; then 
by the algebraic theory of combinations, we have 


This value of U is RR in ae of m and.z, and 
may be otherwise written in either of the two following 


forms, 


h(h—1)(h—2).....000. h—m-+-1 
U= > 
recs so cite oes m 
yt! MA—2) a2 s000ee h—n-+1 
ee Eee” Le, Teme ee a 


which shew that the probability P, or the product Up”g" 
is the (m-++-1)th term of the development of the bino- 
mial (p+q)" arranged according to the increasing powers 
of p, or the (w+4+1)th term of the same development ar- 
ranged according to the increasing powers of g. Hence 
we conclude that when p and qg remain constant, the pro- 
babilities of all the different compound events which can 
be formed by the combination of the simple events E and 
F in & trials, are expressed by the different terms of the 
formula (p+q)* expanded by the binomial theorem. 

The whole number of possible cases is evidently h+-1, 
for in h experiments, E may occur A times, A—1 times, 
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h—2 times...... h—h times ; this last being the case in 
which the contrary event F occurs in all the trials. The 
different cases are unequally probable, both by reason of the 
greater or smaller number of combinations by which they 
may be produced, and which in reference to each case is 
represented by U, and by reason of the inequality between 
pand gq. It will be shewn afterwards, that when p=gq, and 
h is a whole number, the most probable case is that in which 
the occurrences of E and F are equal; and if is an odd 
number, the two most probable cases are those in which 
the difference in the number of occurrences of E and the 
number of occurrences of F is unity. 

13. In order to place the proposition now demonstrated 
in a Clearer light, let us consider separately the different 
terms of the development of (p+¢)*, namely, 


—!] 
p a RU Dn a “ "Z a), age cqieboryWalkaaee (es. 
h(h—1)(h—2)...... h—n+1 A 
a a ee n 


The first term p” expresses the probability that the event 
E will in every one of the / trials. The second term hp’—!q 
expresses the probability that E will occur h—1 times, and 
F once, without distinction of order; that is to say F may 
happen at the first or last or any intermediate trial. Ifa 
determinate succession is proposed, for example, that of 
h—1 times the event E in succession, and F in the next trial, 
the probability of the event in the assigned order is found 
by suppressing the coefficient /, and is aha i bay pre 


The third term eee 1) p20? expresses the probability 
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that the result of / trials will be A—2 times the event E, 
and twice the event F, without distinction of order. If a 
particular order be assigned, it is necessary to suppress the 
coefficient, and the probability of the simple events occur- 
ring in that particular order is p’—*q’. 

ies aces aidlhas oe 
presses the probability that the result of A trials will be 
(h—n) times the event E, and times the event F in any 
order. The probability of (h—z) times E and n times F 
in an assigned order is p"—"q”. 

14. If we suppose the event E to be such that the chances 
in favour of its happening or failing are equal, that is, if 
p=q=3; the different terms of the binomial (p+-¢)*, on sup- 
pressing the coefficients, become all equal ; so that a parti- 
cular order being assigned in each of the possible cases or 
combinations, all the cases become equally probable. Thus, 
suppose a shilling to be tossed 100 times in succession, the 
probability of head turning up in every trial is(4)1°°. The 
probability of 50 heads and 50 tails in any assigned order 
is (3)5° x (5) °°= (4)! °°; if m+n=100, the probability 
of m heads and x tails is also (4)”"(4)"=(4)"t" =(4) 10°. 
Hence the probability of any compound event formed by 
the combination of two simple contrary events succeeding 


The general term 


each other in an assigned order, and each having the same 
probability, is independent of the ratio of the simple events, 
and depends only on the number of trials. Before the trials, 
it is an even wager that head will be turned up in succession 
100 times, and that the result of 100 trials will be 50 heads 
and 50 tails in a given order of succession, or any proportion 
of heads to tails in an order arbitrarily chosen. This con- 


_ sideration is frequently lost sight of in reasoning about those 
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events of the natural world, which are termed extraordinary 
and miraculous. If in tossing a shilling 100 times into the 
air, the number of heads turned up is found nearly equal to 
the number of tails, the event excites no surprise ; some- 
thing like it was expected. On the contrary, if the diffe- 
rence between the number of heads and the number of tails 
is considerable, the event is termed extraordinary ; and if 
head turned up in every trial without exception, we should 
scarcely be persuaded that such an event was entirely the re- 
sult of chance, and independent of a special cause. Never- 
theless, the a priort probability that every trial will give 
head, is precisely the same as the probability of throwing 
any given number of heads and tails in an assigned order of 
succession. It will, however, be proved afterwards, that if 
such an event as throwing head 100 times in succession were 
actually observed, the probability of a special cause having 
intervened, would approach very nearly to certainty. 

& 15. Hitherto we have supposed the compound event to 
be formed by the combination of two simple events only, 
E and F, one of which necessarily excludes the other. Let 
us now suppose there are any number of simple events, E,, 
E,, E,, &c. of which the respective probabilities are p,,p., 
p;, &c. and such that one or other of them necessarily hap- 
pens in each trial, so that p, + p,+p;+, &c.= 1, and de- 
termine the probability of any assigned combination of them 
in a given number of trials. This case may be represented 
by supposing an urn to contain a number of balls of as many 
different colours as there are distinct events ; the event E, 
will be the drawing of a ball of the colour 7, and its proba- 
bility p, will be the fraction whose numerator is equal to the 
number of balls of the colour 7, and denominator the whole 
number of balls in the urn. Now the probability of the 
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event E, happening m times in succession is p? by (12) ; 
that of E, happening ~ times in succession is p’?,; that of 
E,, happening r times in succession p% ; and so on. There- 
fore (7) the probability of the compound event which is 
formed by the occurrence of m times E,, 2 times E,, 7 times 
E,, and so on, these events succeeding each other in or- 
der, is the product p? pj ps5, &c. But the probability of 
the simple events succeeding each other in any particular 
order is the same as that of their succeeding in any other 
assigned order (12); consequently, if U’ denote the num- 
ber of different ways in which m events E,, 7 events E,, 7 
events E5, &c. can be combined, or succeed each other, 
and P’ be the probability of the compound event in any order 
whatever, we have, 
P'=U’pt ps P5» &e- 

Assuming h=m+4n-+4r-, &c. we have also by the theory 
of combinations, 


ee 


1.2.3 e000 X1.S  Siccl Mii ea ee 
the factor U’ being the coefficient of the term which has for 
its multiplier pT p? pz, &c. in the expansion of = mul- 
tinomial (p,+p.+p;-+ &c.)", whence 
| ene m n r * 
ee 1.2.3...mX1.2.3...nX1.2.3,..7x wet 122 Parte: 


We shall now proceed to give some examples of the ap- 


plications of the preceding formule. 

16. Let it be proposed to assign the probability P, of 
throwing ace onee, and not oftener, in four successive throws 
of the same die.—Simpson, p. 15. 

Here, the chance of throwing ace in a single trial being 
3, we have p=}, and consequently g=8, and also A=4. 
Now the compound event being the occurrence of the sim- 
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ple event E, whose probability is p, once, and of the con- 
trary event F three times, the probability of the compound 
event is that term of the development of (p+q)* which is 
multiplied by pg. If, therefore, in the formula, 
Fess avaeses in’ h 
Si. 203...me Neds Gane 
we make p=4, g=2, h=4, m=1, n=3, we shall have 
ESS, Sie 5\3% = 125 
zi 6 (5) = 324” 


¥ 


Riva ®.a0" 6 
which is the probability required, and the same as that of 
throwing one ace, and not more than one, at a single throw 
with 4 dice. 

The probability of the contrary event, that is to say, the 
probability of either not throwing an ace at all, or of throw- 
ing more aces than one is 1—32? = 132; and therefore the 
odds against throwing one ace and no more in 4 throws of a 
common die are 199 to 125, or 8 to 5 very nearly. 

7) 17. If in this example it had been proposed to assign the 
probability of throwing ace once at least, instead of once 
and not more, it would have been necessary to have includ- 
ed those cases in which the ace occurs twice, or three times, 
or in each of the four trials. | The binomial (p+ q)* gives 

p* +-4p°q-+ 6p?q? + 479° +97; 
the first term of which expresses the probability of throw- 
ing ace four times in succession ; the second that of throw- 
ing ace three times, and another number once; the third 
that of throwing ace twice, and a different face twice; the 
fourth that of throwing ace once, and a different face three 
times ; and the fifth that of throwing a different face in each 
of the four trials. But as every one of these compound 
events, excepting the last, satisfies the condition of ace be- 
ing thrown once at least, the whole probability of that event 
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must be the sum of the probabilities of the different events 
by which it may be produced (9) and is consequently 


5) +45) 6 +9(5) Ce) +6) (6) =i 
(G) +4(g) e +s) (ao) +466) (a) = i356 
In general, the sum of the first 24-1 terms of (p 4+)” ex- 
presses the probability of obtaining mot less than hR—n events, 
the probability of each of which is p, or not more than n con- 


trary events, the probability of each of which is g. 
Since p+q==1, the sum of all the terms of the series pro- 


“ duced by the expansion of (p+q)’ is equal to unit, and 


therefore the sum of any number of the terms is equal to 


-) unit diminished by the sum of the remaining terms. This 


consideration frequently gives the means of abridging the 
calculations. Thus, in the preceding example, instead of 


expanding the binomial (4 4+ )* in order to find the proba- 


bilities of throwing 4 aces, 3 aces, 2 aces, and 1 ace only, 
in a series of 4 trials, we might have sought the probability 
of not throwing ace at all. The probability of not throwing 
ace in a single trial is 2, and therefore (7) that of not throw- 
ing it in 4 trials is (%)4= 8%. Hence the probability of 
the contrary event, namely, that ace will be thrown once 
or oftener, is 1—,5fg =355'3 3 the same as before. 

18. Leta shilling be tossed; what is the probability that 
more than 3 heads will turn up in the first 10 trials? In 
this case, p=}, g=}, A=10; therefore (p+g)* =(4+4)” 
=($)!°(141)!°. Now the last term of this development 
expresses the probability that head will not turn up in any 
one of the ten trials ; the last but one, the probability that 
it will turn up once ; the last but two, the probability that 
it will turn up twice; and the last but three, the probabil- 
ity that it will turn up three times ; therefore the four last 


Fgh 
he > 
{ Ad 
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terms include all the different ways in which the ten trials 
give not more than three heads ; and their sum consequently 
expresses the probability that mo¢ more than 3 heads will 
be thrown. Now the last four (or first four) terms of the 
expancion of (14+ 1)?° are 
10.9 10.9.8 
2 2S 
and their sum is 176, which multiplied by (4)!°=;,52; 
gives =;5%, for the probability that not more than 3 heads 
will turn up ; whence the probability of the contrary event 
or that more than 3 heads will be thrown, is 1—j54°;= 
a3, =83 ; and the odds in favour of throwing heads more 
than three times in 10 trials are 53 to 11. 

19. A and B engage in play; the probability of A’s 


1-10; 


“winning a game is p, and the probability of B’s winning a 


game is g; required the probability P, of A’s winning m 
games before B wins z games, the play being supposed to 
terminate when either of those events has occurred. 

It is evident that the question must be decided at the 
latest, by the (m+n—1)th game ; for supposing m-+-n—2 
games to have been played, there is only one combination 
according to which the match can remain undecided, name- 
ly, that in which A has won m—1, and B x—1 games; and 
in this case the next game necessarily decides the match. 

Suppose m-+a games to have been played. The proba- 
bility that of these games m have been won by A, and z by 
B, is represented by the term of the binomial (p+q)"+* 
in which the factor p™g* occurs (13); which term is 


But A cannot win m games out of m-+z exactly unless he 
wins the last game, for otherwise he must have won m games 
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out of m-+-a—1, if not out of a smaller number. In order 
therefore that A may win m games out of m-+-2 exactly, it 
is necessary in the first place that he wins m—1 out of 
m-+-x—1 in any order, and then that he wins also the next 
game. Now the probability of his winning m—1 games out 
of m+-x—1 in any order (13) is 


—1 - 
eo meee 


and the probability of his winning the following game is p, 
whence the probability of both events is (7) 


which, therefore, expresses the See of A’s winning 
m games out of m+ <2 exactly. 

If we suppose x=0, this formula becomes p”, which is 
the probability of A’s winning m games in succession. If 
«x=1, it becomes mp”q, the probability that A wins m games 


pail cf 


out of m1. Ifv=2, it becomes —_—>—~ pq’, the pro- 

bability that A wins m games out of ip: 2. If x=3, it be- 
2 

comes = ) p”q*, the probability that A wins 


m games out of m-+3; and soon. Continuing this process | 
till we arrive at the term multiplied by p”g*, the sum of the 

probabilities of all the different compound events is 
sie m(m+1)...m x-] .)° 
Lng MOEN go, 4 Mon Domb el 

ee ee 
which expresses the probability of A’s winning m games 
out of a number not greater than m+-2. 

Now it has been shewn, that the match is necessarily 
decided by (m-+4-n—1) games; consequently the solution 
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of the question is obtained by substituting »—1 for x in 
the last formula, which will then express the probability 
of A’s winning m games in any order, out of a number not 
greater than m+-2—1. On making this substitution, we 
obtain , 


m(m-+-1)...m + n—2 
BPE Ap cam 9 + = bes asia ee ae 

The probability Q that the match will be decided in fa- 
vour of B, or that B will win 2 games out of a number not 
greater than m-+-n—l, is found by changing m into », and 
p into q, and is therefore 


1 
Q=," { 1+np+ ie wt hae: Cid shane ts 
n(n+1)....0 m+n—2 
oye are | A ae eee aE EE ae 


. As an example, let us suppose p= . i= = m=4, and 


n=2. The probability of A’s winning the match, or the 
value of P, becomes 


2\ 4 l 112 
(5) {144-5 f= 3° 


and the probability of B’s winning the match, or the value 


of Q, 


Nh 4. 2.3/2)? 73 _ 131 
3) +3* Tals) + se SE: 3 ( ~ 243° 

In this example the skill of A is ate to be twice as 
great as that of B, and the number of games that must be 


won by him in order to gain the match is also twice as great 
as the number required to be won by B in order that B may 
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gain ; one might therefore suppose, that when they begin 
to play the chances in favour of each are equal. But the 
result shews that the chances in favour of A are fewer than 
those in favour of B in the proportion of 112 to 131; whence 
it appears that it would be unsafe to wager that a player 
who has two chances in his favour while his adversary has 
only one, will gain four games before his adversary shall 
have gained two. 

Suppose A and B, engaged in play, agree to leave off be- 
fore the match is decided, it is evident that the stakes ought 
to be shared between them in proportion to their respective 
probabilities of winning, and consequently the share of each 
is found from either of the above expressions for P and Q. 
This was one of the questions proposed by the Chevalier 
de Méré to the celebrated Pascal, to which allusion has al- 
ready been made. 

20. An urn contains x+1 balls, marked with the num- 
bers 0, 1, 2, 3......23; a ball is successively drawn and re- 
placed in the urn, so that the chance of drawing any given 
numberremains the same in each trial, whatis the probability 
that in / trials the sum of the numbers drawn will be equal tos?! 

The solution of this problem depends on the number of 
ways in which the number s can be formed by the addition of 
h different numbers, each of which may have any value from 
Oto. Ifwe suppose the numbers marked on the balls to 
be indexes ofa certain quantity 2, and develope the expres- 
sion (#°-+4+a!+42”......-a")", the coefficient of any term of 
the development will indicate the number of different ways 
in which the balls may bedrawn, so that thesum of the num- 
bers drawn in A trials shall be equal to the sum of the in- 


' Demoivre, Miscellanea Analytica, p. 196 ; Laplace, Essai sur les 
Probabilités, p. 253, et seq. 
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dexes of x in that term. If, therefore, we denvte by N the 
coefficient of that term of the development in which the sum 
of the indexes is s, then N will be the number of cases fa- 
vourable to the event. But the whole number of possible 
cases is (v-+-1)"; therefore the probability of the event is 
N+(n+1)*. 

On account of the particular form of the polynomial in 
question, the value of N is found without difficulty. 


eee es 
Because x°-+2!-+-2”...... +a" = i — , therefore 
(wo taxi tex?...... + 2")*=(1—a"t!)*(1—x)-*. Now, ex- 


"pressing these two factors in series, we have (1—a”t!)" 


| h(h—1) h(h—1)(h—2) 
—]—Aynt ps wet ala bop Ss 5 ah (n-+1) Ce 
hyo oe an ae faa .°a 0% 


Mitt) yo MRAWA+2) 


wen 1.2.3 


(maya) phe Hitec, 


and the See of the several terms of the product of 
these two series in which the sum of the indexes is s will 
be found as follows :— 

(1.) Multiply the first term of the first series by that term 
of the second series of which the argument is a*; the coeffi- 
h(h+1)(h+2)...... h+s—l 

oe Serer S$ 

(2.) Multiply the second term of the first series by that 
term of the second series which has for its argument 2—"—!; 
the coefficient of the product will be 
h(h+1)(h+2)...... A+s—n—2 

aye ere s—n— |] 

(3.) Multiply the third term of the first series by that 
term of the second series which has for its argument 
as—*(n+1); the coefficient of the product will be 


cient of the product will be 


—hx 
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h(h—1) _. h(h+-1)(h+-2)...... h+-s—2n—3 

Lo ee s—2n—2 

(4.) Proceed in the same manner with the fourth term of 
the first series, and so on with the others, advancing at each 
new multiplication one term to the right in the first series, 


and »-+-1 terms to the left in the second series, until a term 
is reached in the first series, the exponent of 2 in which is 
equal to, or greater than s. The sum of the several products 
thus obtained will be the value of N. We have therefore 


Na MOED GEA) oe hfs] 
ae Bee: Ree s 
ek : h(h4-1)(h4-2)...... h+-s—n—2 
1 | Ee a, eee pe Eee | 
h(h—1) _ h(h+-1)(h+2)...... h+-s—2n—3 
ae Renn: Be Veen a a 
power 7 


The series now found for N may be changed into another, 
having a more elegant form, by reducing all the terms to 
others having the common denominator 1 .2.3...... h—1. 
This will be accomplished by leaving out of the numerator 
and denominator of the first term all the numbers after h—1 
to s, (including s), when s is greater than A—1, or by in- 
serting the numbers between s and A—1 (the last included), 
when s_—<h—1; by leaving out of the numerator and deno- 
minator of the second term all the numbers from h—1 to 
s—n, or by inserting those numbers ; and so on with the 
other terms. If we then make the common denominator 
1.2.3...k—1=h, we shall have 


N= 5 (s41)(642)(6-43) seaek (s+h—1) 


— : (s—n)(s—n-+-1)...... (s—n + h—2) 
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eae (s—2n—1)(s—2n) hea (s—2n+h—3) 


— &e. 

to be continued till the last factor of one of the terms be- 
comes 0 or negative. If we also make 

sti—l=f 

s—n +h—2=f—(n+ 1)=f’ 

s—2n +-h—3=f—2(n+-1)=f”’ 

s—3n + h—4A=f—3(n+1l)=f”’ 

&e. 
and write the factors in each of the terms in the reverse 
order, the above value of N will become 


S$ fF f—2) oo (fA 2) 
EP DEB): P82) > 


LPFG B) eons fp 2) ED 
ER 9) 0 Cf py eee le 


+ &c. 


21. As an example of the application of this formula, let 
it be required to assign the probability of throwing the point 
16 with 4 common dice. (Simpson, p. 53.) 

A die having no face marked 0, it is necessary, in order 
to adopt the formula to this case, to suppose the number of 
points on each face to be diminished by unit, which is equi- 
valent to supposing s—h to be substituted for s. The num- 
bers are then 0, 1, 2, 3, 4, 5, and we have n=5, A==4, and 
s=(16—4)=12. Hence 

f=sth—1=15 
f=f—at+1)=9 
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f’=f-2(n41)=3 
flaf—3(n+1)=—3, 
and k=1.2.3. Substituting these values in the formula, 
we find 


N=15.14.13x 5 (= +456) 


—9.8.7x 5 (=—336) 


4.3 
+3.2.1x 1.2.6 (= t+ 
or N=125. Now the probability of the event is N~-(+41)' 
and in the present case (z+ 1)'=6'=1296; consequently 
the probability required, namely that of throwing the point 


S ; ees 
16 with 4 dice, is 1996" 


22. In the numerical solution of questions of this sort, it 
sometimes happens that the labour may be abridged by 
computing the probability of throwing a different point from 
that which is proposed, but which has the same number of 
chances in its favour. For example, let it be proposed to 
determine the probability that in throwing 10 dice the sum 
of the points will be 50. In this case, the smallest number 
of points that can possibly be thrown is 10, and the greatest 
60; and the chances in favour of throwing 10 and of throw- 
ing 60 are obviously equal. The probability of throwing 
any given number of points above 10 is also evidently the 
same as that of throwing the number which is as much under 
60 ; and consequently the probability of throwing 50 is the 
same as the probability of throwing 20, these numbers being 
at equal distances from the extremes. Now to find the pro- 
_bability of throwing 20 with 10 dice, or, which is the same, 
the probability that in 10 successive drawings from an urn 
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containing 6 balls, marked with the numbers 0, 1, 2, 3, 4,5, — 
the sum of the numbers drawn will be 10, we have A=10, 
n=5, s=10; whence f=19, f=13, f’=7, f”’’ negative, 
and k=1. 2...9. Substituting these numbers in the series 
for N, and observing that since f’—A+2—=—1, the third 
term becomes negative, we have 

19. 18-17 26s 36 14. 135121 


WoT ew eee ke a 


13 12215 10.9.8 57.625 

SR Ee or OE 

and consequently N=85228. Dividing this by(z+41)'=6" 
= 60466176, the probability of throwing 20, or of throwing 


(=—7150), 


ae | 85228 1 
50, with 10 dice is found = 60466176" or between 709 and 
1 
710° 


23. The probability that the whole number of points 
drawn in & trials will no¢ exceed s is found by substituting 
for s the different values 0, 1, 2...... s in the series for N, 

and taking the sum of the results. This labour, however, 
may be avoided by means of a property of the figurate num- 
bers. It is well known that the sum of the series of num- 
bers obtained by giving z every value from x=1 to n=r (v 
being any number whatever) in thé formula 
(n+-1)(#%4+2)...00. (n+) 
TO SPR, i tga ut 
is expressed by this other formula 
o(e+1)(v+2)......(v-u)(vput1) 
apt alt 2 Se ae (u+l])(u+2) ’ 
or, which is the same thing, that the sum of the series ob- 
tained by giving w successively every value from v=1+4u 
to a=1+u--v in the formula 
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x(x—1)(a—2)...... (~a—u) 


i735 utl 
is expressed by this other formula 

(2-4-1 )ae—1) <o0s0 aw” 

SS EY eae U+2 


in which z=1+u-+v. 

Comparing the different terms of the series for N (20) with 
these last formule, it will be evident, that on giving s every 
value successively, from 0 to s in the value of f; and denot- 
ing by N’ the sum of all the results, we shall have 


4 +11) f—2).-- fA +2) 


1.2.3.4 ere | 
PES ANG 2) PRES, 
1.2.3.4 
oer 1B alfhs MOM) 
1.2.3.4 wes h 1.2 


— &e. 
for the probability that the number of points thrown will 
not be greater than s. 

As an example, let A=10, s=5, n=5; we have then 
f=sth—1=14, f=f—(u+ 1)=8, whence f’—A+ 2=0, 
and consequently the second term vanishes. Hence 


16 214013 .78 211 -10:.59.8.925 
i ome 
lg ee ee Ba ee PS a Re ae 


The probability, therefore, of the sum of the numbers 
drawn in 10 drawings not exceeding 5, is 3003+(6)", or 
3003 
60466176" 
ing 10 common dice the sum of the points does not exceed 

16. (Simpson, p. 60.) 
24. In the preceding questions the number of trials, de- 


/ 


And this is also the probability that in throw- 


. 
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noted by /, has been supposed to be given; and the ob- 
ject, in every case, has been to determine the value of a 
given term, or of a given number of terms of the series pro- 
duced by the development of the binomial (p+q)". But 
there is a numerous class of questions in respect of which 
the exponent / is unknown, and is required to be deter- 
mined from the condition that an assigned term, or the sum 
of a certain number of assigned terms of the development, 
must have a given value: For example, let it be proposed 
to determine how often a common die must be thrown in 
order to give the probability of ace turning up once at least, 
equal to a given fraction vu. Here the probability of throw- 
ing ace in any throw being %, we have p=}, and g=32. 
Now, as every term of the development of (p+-q)", except- 
ing the last, gives a combination in which ace occurs once 
or oftener, the question requires a value to be found for h, 
such, that the sum of the first 2 terms of that development, 
shall be equal to vu. This may be done, in general, by the 
common methods of trial and error; but in the present case, 
the last term being the only one not included among those 
which contain a chance of throwing ace, it is evident that 
it is only necessary to find the last term alone in order to 
have the probability of not throwing ace in f/ trials, which by 
the question is 1—w. The last term of the development 
is g’; therefore we must have the equation g*=1—u ; 
whence h log g=log (1—wu,) and h=log (1—wu) +log ¢. 


Let j—us® and i=" we shall then have log (1—u)= 
Y 


log B—log y, and log g=log b—log ec; whence 


,—108 B—log y 
~ log 6—log ¢ 


Substituting in this general formula the particular numbers 
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given in the question, namely b=5, e=6; and supposing 
log 2 
log6—log5’ 


u=}4, and consequently 8=1, y=2, we have h= 


whence, by computing from the logarithmic tables, =3°8. 
From this it follows, that in four trials the probability of 
throwing ace once at least, is greater than the probability 
of not throwing it at all. 

If the question had been to determine in how many throws 
with two dice one may undertake, on an equality of chance, 
to throw aces at least.once, we should have had p=, g= 
38, and consequently 6=35, and e=36. Substituting these 
numbers in the general formula, and observing, that in this 


| log 2 : 
case also B==1, y=2, we get h= log 36—log 35 = 24°6. 


The probability of not throwing aces once is therefore 
greater than the opposite probability or that of throwing 
aces once or oftener, when the number of throws is 24, but 
less when the number is 25. 

These two questions are celebrated in the early history of 
the theory of Probability, from the circumstance that the 
Chevalier de Méré, by whom they were proposed to Pascal, 
declared the two results above stated to be inconsistent with 
each other, and thence took occasion to question the accu- 
racy of the theory of combinations by means of which they 
had been obtained. He reasoned thus: Since the proba- 
bility of throwing ace with one die is 3, and that of throw- 
ing aces with two dice 3 of §=,';; therefore, if there be a 
given probability in favour of throwing ace in fourthrows with 
one die, there must likewise be the same probability of throw- 
ing aces with two dice in 6 X 4=24 throws; in other words, 
the chances in favour of an event E in a single trial, being 
six times more numerous than those in favour of F, there 
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will be as many chances in favour of F in six trials as there are 
in favour of Ein one. The error consists in supposing that 
the number of trials must increase or diminish exactly in the 
inverse ratio of the probability ofobtaining the proposed point.' 

25. The general question may be enunciated as follows : 
Let p=the probability an event E will happen, ¢ the proba- 
bility it will fail; how many trials are required to give a 
probability that E will happen & times. 

Let x=the number required. Taking the sum of all the 
terms of the development of (p-+-q)* in which the exponent 
of p is less than &, we shall have the probability that the 
event does zot happen & times in z trials. This sum must 
consequently be made equal to 1—w; therefore, beginning 
the last term, and writing the terms in the reverse order, 
we have the equation 


— 


G+x acy 2 ale aia = oe os . 
x (#—l).. 2 ee BH ten 
St See Gh f Seni 
Let p= e q, and this equation becomes 
A x (x1) eo x (a—1).....(7—-k-42) 3 \ 
: [ite et Sd) f 
=l—u 


from which the value of # may be found by the ordinary 
methods of converging series. 

If p=q=3, then e=1; and if we also suppose w=4, and 
consequently 1—w=4, the equation will become 


ee ee 


3 Pascal, Ceuvres, tom. iy. p. 8367; Lacroix, Elémentaire, p. 36. 
D 


} Line 


: ' But the first side of this equation is the expansion of (1 x 1)* 


Q 


5 


,. ie . 
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continued to k terms; therefore, since the sum of the first 2 
terms is equal to one-half of the whole series, and the terms 


"of the first half of the series are the same as those of the 


last, it follows that the whole number of terms must be 24. 
But the whole number of terms in the expansion of (1 +41)" 
is x+-1; therefore 2k=2+41, anda=2k—1l. Suppose A= 
10, then a=19; hence in tossing a shilling it is an even bet 
that head will turn up 10 times in 19 throws. 
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SECTION III. 


OF THE PROBABILITY OF EVENTS DEPENDING ON A RE- 
PETITION OF TRIALS, OR COMPOUNDED OF ANY NUMBER 
OF SIMPLE EVENTS, THE CHANCES IN RESPECT OF WHICH 
ARE KNOWN A PRIORI, AND VARY IN THE DIFFERENT 


TRIALS. 


26. Let us suppose the trials to consist in drawing balls 
from an urn containing a white balls, and 6 black balls, and 
that when a ball is extracted it is not returned to the urn. 
Make a-+-b=c, and let the extraction of a white ball be the 
event W, and that of a black ball the event B. At the first 


trial the probability of W is—(4), and that of B, 2 But at 


the second trial, the number of balls in the urn is diminish- 
ed by 1; and the probability of drawing a white ball at the 
second trial is therefore not the same as it was in the first, 
but is influenced by the event which has already taken 
place. If W happened at the first trial, the number of 
white balls remaining in the urn is then a—1; the num- 
ber of black is 6, and the number of both colours c—l. 
The probability of W at the next trial is therefore 


sas and thatof B is 


c¢— pase 


. In like manner, if B happened 


Soy 
at the first trial, the probability of W at the second is oe 
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— 


and that of B is 


- Hence (7) the different combinations 


c—l 
which can arise from two trials are the following : 
Www, WB, BW, BB, 
the probabilities of which are respectively, 
a(a—|) ab ba b(6—1) 


Now if we neglect the order of succession in the two cases 
in which W and B are combined, the probability of the 
compound event which consists of the extraction of a ball 
2ab 
c(c—1) 
lities of the three possible combinations are respectively :— 
a(a—1) 2ab b(b—1) 
eel)’. .-oo—1y - efe—ly 
Comparing these with the probabilities of the same com- 
binations when the chances are constant, or the ball is re- 
turned to the urn after each drawing, namely 
a 2a oF 
Oo ne pe 
the analogy of the two cases.is obvious. 

After two balls have been drawn, the whole number re- 
maining in the urn is e—2; but the number of each colour 
depends on the two events that have already occurred. If 
two white balls have been drawn, the probability of draw- 


of each colour in the two trials, is 


, and the probabi- 


a—2 
c—-2 
a(a—1) 
e(e—1) 
a(a—1)(a—2) 
c(c—1)(e—2) 


ing a white ball at the next trial will be 


; but we have 


just seen that the probability of WW is 


(7) the probability of WWW is . Thepro- 


; therefore 


ie 


CHANCES KNOWN A PRIORI, AND VARYING. oe? 


bability of drawing a black ball after two white have been 


drawn is 5 (for there are now c—2 balls in the urn, of 
jfk 

which } are white); therefore the probability of WWB is 

a(a—1)b 


On forming in this manner all the differ- 


o(o—1)(e—2)" 
ent possible combinations which can result from three trials, 


we find 
a(a—1)(a—2) 


WWW, probability, = [7 —9y 
we e a oy’ 
WBW, - Tene Ho 
BWW, . = ey” 
BBW, as TN 
i tang si roca 
WBB, < eo 
a _ b=1)(b—2) 


e(e—1)(e—2) © 
If we disregard the order of succession in those combina- 
tions into which W and B both enter, and consider the oc- 
currence of W twice and B once as the same compound 
event; and also the occurrence of W once and B twice as 
the same compound event, in whatever order they occur, 
3a(a—1)b 
c(e—1)(e—2) 


the probability of the former will be , and of 


3ab(b—1) 
the sree eT) (e—3)" 
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27. In general, if m’-+-n’ balls have been drawn, of which 
m’ have been found to be white and 2’ black, the number 
of white balls in the urn will now be a—m’, the number of 
black 6—wn’, andthe whole number of both colours e—m’ —n’. 
Hence the probability of drawing a white ball in the next 


trial will be Ss and that of drawing a black ball 


b—n’ 


; i. Now if in these two fractions we substitute 
Sire 


c—m 
successively for m’ and 7’ all the different numbers from 
0 to m—1 and n—1 respectively, the product of the m+n 
numbers thus obtained will (7) be the probability of drawing m 
white balls and z black in an assigned order, in m+ trials. 
Let this probability be denoted by K, and we shall have 
Kk a(a—|)(a-2).....(a—m +1) x b(b-1)(b-2).....(b-n +1) 
a c(c—1)(ce—2)...... (c—m—n-+-1) 
whatever the given order may be. Hence, if we denote by 
P the probability of m white balls and x black being drawn 


in any order whatever, in / trials, we shall have P=UK, 


where, as in (12), U= 


the co-efficient of that term of the binomial (p+-g)* which 
has for its argument p” g”; this co-efficient expressing all 
the different arrangements which can be formed of m things 
of one kind, and x things of another. 

28. When the urn is supposed to contain balls of more 
than two different colours, the probability of any proposed 
number of each colour being drawn in a given number of 
trials is found with the same facility. Suppose it to contain 
a, of the first colour, a, of the second, a, of the third, and 
so on, and let a, +a,-+-a, &c.=e; then the probability that 
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in m+n+r+&c.=/h trials, there will be drawn m of the 
first colour, 2 of the second, 7 of the third, &c. is 


U! X a, (@,—1)(@,—2) cs seneee (a,—m-+1) 
X a,(a,—1)(a,—2).........(a,—n +1) 
X 4;(a,—1)(a;—2)... 00000. (a,—r+1) 
X A, (4,—1)(a,—2)... 000000 (a,—s+1) 
xX &e. 
+-c(e—1)(c—2)......00. (c—h-+1) 


where, as in (15), 


gE ake NR 


i pie : 
Chg ere Me PR a icses ry oh por re eee 7% &e. 


29. The following examples will shew the use of the pre- 
ceding formulee. 

Suppose a bag to contain 16 balls, of which 8 are white 
and 8 black, what is the probability that in drawing 8 balls 
from the bag the whole of them will be white ? 

Applying the formula (27) to the solution of this ques- 
tion, we have a=8, 6=8, c=16, m=8, n=0, and as the 
probability required is that of drawing white balls only, 6 
cannot enter into any of the factors of the numerator ; 
hence. 

Sage Go Ca. Be 2. 3} 1 
16.15.14.13.12.11.10. 9 12870° 


and since m=h, U=1, the probability sought, is therefore 


Kise 


1 

IZ870° 
Let there be a heap of 20 cards, wherein are 7 diamonds, 
6 hearts, 4 spades, and 3 clubs; required the probability 
that in drawing 8 of them at a venture there shall come out 
3 diamonds and 2 hearts? (Simpson, p. 21.) 

The probability required in this case being that of draw- 
ing 3 diamonds, 2 hearts, and 3 other cards which are nei- 
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ther diamonds nor hearts, the spades and clubs may be con- 

sidered as forming one parcel, containing 7 cards. We have 

then in the formula (28) a, =7, a,=6, a,=7, e=20; m=3, 

N—=2, r=3, h=8; therefore 

oe ee ee 

obs ReaK lee Xs eae 

and the probability required becomes, 
7.6.5X6.5xX7.6.5 1225 

20.19.18.17.16.15.14.13~ 3978" 

The odds against the event are therefore 2753 to 1225, or 

nearly 9 to 4. 

_ Let 4 cards be drawn from a pack of 52; what is the 

probability of drawing one of each sort ? 


U’ 


=560, 


. “660% 


In this case we have @,==13, @,=-13, a,=13, a,=13, 
e523 also m=—1, n=1, rl, s=1,: 44, : whence U’= 
053.4 
tn1.is] 
substituting these numbers in the formula (28), 


13.13.13.13 “Seo 
52.51.50.49~ 20825” 9 


= 24, and the probability required becomes, on 


24x 


nearly. 


The odds against this event are nearly 8 to 1. 

30. The following question, proposed by Huygens, and 
solved by Demoivre and Bernoulli (Ars Conjectandi, p. 59), 
belongs to the class of problems now under consideration. 

An urn contains 12 balls, of which 4 are white and 8 
black. Three gamesters A, B, and C agree that the first 
who, blindfold, shall draw a white ball shall be the winner of 
the stakes. They also agree that A shall draw first, B second, 
C third, A fourth, and so on; and the balls drawn are not 
replaced in the urn. It is proposed to find their respective 
probabilities of winning. 7 
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Here the play terminates as soon as a white ball is drawn, 
and it must therefore terminate with the 9th trial, if not 
sooner, inasmuch as, after 8 black balls have been drawn, 
the turn will contain only white balls, and the probability of 
drawing a white ball at the next trial will become certainty. 
The question will therefore be solved, if we determine the 
probabilities of the play ending with the Ist, 2d, 3d, 4th, &c. 
games respectively, and take the sum of the probabilities — 
of its ending with the lst, 4th, and 7th, for the probability of 
A’s winning; the sum of the probabilities of its ending with 
the 2d, 5th, and 8th, for the probability of B’s winning ; and 
the sum of the probabilities of its ending with the 3d, 6th, 
and 9th, for the probability of C’s winning. 

For the sake of rendering the solution more general, let 
a be the number of white balls in the urn, 6 the number of 
black, andleta+6=c. The probability of drawing a white 
ball at the first trial, or of the play ending with the first 


. . a 
trial, is then —. 
c 


The probability of the play ending with the second trial 
is compounded of the probability of a black ball being drawn 
at the first trial, and a white at the second ; and the proba- 
bility of both events (26) is ent) 

The probability of the play ending with the third trial is 
compounded of three separate probabilities, namely, that a 
black ball will be drawn at the first trial; that a black ball 
will be drawn at the second ; that a white ball will be drawn 
at the third ;—and the probability of the concourse of these 

b(6—1)a 
(e—1)(e—2) 
In general the probability of a black ball being drawn in 


events (26) is ; 
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«x—l trials successively, and a white ball at the xth is 
b(b—1)(6—2)...... (b—xr42)a 
c(e—1)(c—2)...... (c—ax-+ 1 
cin this formula the numbers proposed by Huygens, we 
obtain in respect of the Ist, 4th, and 7th trials, or the pro- 
bability in favour of A, , 

4 Ee eas ah S. 4s 0.5-4-5 8 77 
12 T 19.11.10° 9 t12.11.10.9.8.7°6 > 165° 

in respect of the 2d, 5th, and 8th trials, or the probability 
in favour of B, 


. Substituting for a, 6, and 


Boye G YO 6 2. 8.7. 6 aoe 8 8 
12°11 + 12.11.10.9° 8+ 12.11.10.9.8.7.6° 5 
Ree: 
ao ee 


and in respect of the 3d, 6th, and 9th trials, or the proba- 
bility in favour of C, 


~ 


ha ee 8.7 .6.6.4 4. 8.768 BAG.31 
19711 15 179 .11210.9.8° 7 + 12.11:10:9.8.7.6.5 
4 38 

4— 165° 


The chances in favour of A, B, and C, are therefore pro- 
portional to the numbers 77, 53, 35, respectively. 

If the condition of the play had been that the ball was to 
be returned to the urn after each trial, the chances in fa- 
vour of the three gamesters would have been easily found 
by the formula (12) to be respectively as the numbers 9, 
6, and 4. 
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SECTION IV. 


OF MATHEMATICAL AND MORAL EXPECTATION. 


\\ 31. In the theory of probability, the term expectation is 
used to denote the product found by multiplying the value 
of a casual benefit into the probability of the event on 
which it is contingent taking place. But the value of a be- 
nefit may be estimated either with respect to its absolute 
amount, or to the amount of relative advantage it affords the 
individual who receives it. This consideration has led to a 
distinction between mathematical and moral expectation. 
When we place the circumstances of the individual entirely 
out of consideration, and have regard merely to the abstract 
or absolute value of the benefit, the product of its amount 
by the probability of obtaining it is the mathematical expec- 
tation of the individual ; but when a relative value is as- 
signed to the benefit, the product of this relative value by 
the probability of obtaining it is called the moral expecta- 
tion, because it is estimated by certain moral considerations 
respecting the circumstances or fortune of the individual in 
whose favour the expectation exists, on the principle that a 
» sum of money which may be relatively of very little import- 
ance to a man in possession of a large fortune may be of 
great importance to another who is less favourably circum- 
stanced. We shall first consider the mathematical expecta- 
tion. 


60 MATHEMATICAL AND MORAL EXPECTATION. 


32. Suppose A and B to engage in play ; let p be the pro- 
bability of A’s winning a game, qg the probability of B’s win- 
ning it, and sa sum of money staked on the issue of the 
game. By the definition, the mathematical expectation of 
A is ps, and that of Bis gs. Now if we suppose these expec- 
tations to be purchased by A and B, the sums they ought 
respectively to pay for them, or in other words to stake on 
the issue of the game, must be proportional to their respec- 
tive expectations, in order that they may play on equal terms. 
Let therefore @ be the sum staked by A, and J the sum 
staked by B, we have then ps: gs :: a: 6, and consequently 
pb=qa. Now suppose a+=s, or that the sum played for 
is the amount of the stakes; then, since 6 is the sum A ex- 
pects to gain, and pis the probability of his gaining it, pd is 
the mathematical value of A’s expectation of gain. In like 
manner ga is the mathematical value of B’s expectation of 
gain. Hence it follows, that when the sum staked by each is 
proportional to his probability of winning, the mathematical 
expectations of the two players are equal ; so that after the 
stakes have been placed, and before the event is decided, 
they might exchange places without advantage or disadvan- 
tage to either. It follows likewise, that since the sum which 
the one must gain is just that which the other must lose, the 
product ga, which is B’s expectation of gain, may be regard- 
ed as A’s expectation of loss; or (if taken with a negative 
sign) as part of A’s whole expectation, which then becomes 
pb—qa. But pb—qa=0; whence the condition of A before 
the event is decided is not altered by the circumstance of 
his having staked on the issue of the play. 

33. This conclusion at first sight appears paradoxical ; for 
it is certain, that after the stakes are placed, A must either 
gain the sum 0 or lose a, and therefore his fortune will of 
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necessity either be increased by the gain of his adversary’s 
stake, or diminished by the loss of his own. The explana- 
tion depends on theorems which will afterwards be demon- 
strated relative to the repetition of trials, from which it re- 
sults, that though in a single trial the player must either 
lose or gain, yet on multiplying sufficiently the number of 
games, a probability will at length be obtained, approaching 
as nearly to certainty as we please, that the sum gained or 
lost in the long run will not exceed a certain given fraction 
(which may be as small as we please) of the whole sum 
staked, provided the play is undertaken on terms of mathe- 
matical equality. But this indefinite repetition of the ha- 
zard is practically impossible ; and innumerable cases may 
easily be imagined, in which an individual will be guided 
by other considerations than the mere mathematical value 
of the expectation in undertaking or declining arisk. A 
person of moderate fortune would scarcely be persuaded to 
risk L.500 for the expectation of gaining L.5, though the 
chances might be 100 to 1 in favour of the event which 
would produce that sum; but numbers would be found wil- 
ling enough to pay L.5 for the expectation of gaining L.500, 
the chances being 100 to 1 against them. In both cases, 
however, the expectation would be purchased at its real 
abstract value. According to the formula of mathematical 
expectation, the man whose sole fortune consists of a lot- 
tery ticket which has an equal chance of turning up a prize 
of L.20,000 or a blank, is in an equally advantageous posi- 
tion as he who is in possession of L.10,000; yet no man 
of ordinary prudence, if offered his choice of the two states, 
would hesitate as to which he ought to give the preference. 
Common sense will prevent a man from risking a sum, the 
loss of which would be attended with great privations, even 
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when, mathematically speaking, the chances are consider- 
ably in his favour. It is also obvious that two individuals 
whose fortunes are very unequal cannot engage in play with 
the same advantage, although the chances in favour of each, 
in respect of a single game, are precisely the same. The 
one who has a large fortune can repeat the hazard so often 
as to obtain a probability almost equal to certainty that his 
loss wil] not amount to any given sum; whereas the other, 
who. cannot continue the play in case of loss, runs the risk 
of being ruined. It is thus evident, that in a multitude of 
cases the abstract theory of probability is not alone sufficient 
to give the value of an expectation, and that in dealing with 
contingent events, an individual must be guided to a cer- 
tain extent by considerations of relative advantage. 

34. Various hypotheses have been imagined for the pur- 
pose of reducing such relative or moral considerations to ac- 
curate calculation ; but that which appears the most natu- 
ral, and applicable to the greatest number of cases, consists 
in supposing the relative value of any infinitely small sum 
to be directly proportional to its absolute value, and inversely 
as the fortune of the individual who has an expectation of 
receiving it. This principle was first proposed by Daniel 
Bernoulli in the Petersburg Commentaries (vol.v.), and is 

‘there applied by him to the solution of a number of ques- 
tions of great practical interest. 

Let x be the absolute value of the capital, or, as it is de- 
nominated by Laplace, the physical fortune, of an individu- 
al; then, according to the hypothesis of Bernoulli, the mo- 
ral advantage which he derives from an infinitely small incre- 


. ar 
ment of fortune =dz, is measured by the expression e—, c 
x 


being a constant to be determined by the nature of the ques- 
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tion. Now, if we suppose the physical fertune to arise from 
the accumulation of the elements dx, and denote by y the 
relative or moral value of the fortune, of which the absolute 
or physical value is 2, we shall have 


da 
y=f =e log. a+ constant. 


To determine the constant, we may suppose yo, when x 
has a given value =a; this gives o=e log. a+constant, 


whence y=e (log. x—log. a), or y= log. = ; and it is to 


be observed, that those values of x and y can never become 
negative, for as Bernoulli has remarked, it is only the per- 
son who is dying of hunger that can be said to possess ab- 
solutely nothing. In every other circumstance the mere pos- 
session of existence may be accounted a moral advantage, to 
which, however, it would be absurd to attempt to assign a nu- 
merical value. ; 
35. From the above formula, it is easy to deduce a nu- 
merical expression for the value ofa moral expectation. Let 
a be the original fortune of the individual, and a, 8, y, &c. 
sums to be received on the occurrence of certain contin- 
gent events, E, F, G, &c. This being supposed, if the event 
E happens, the absolute fortune of the individual becomes 
a--a, and its relative value, therefore, according to the for- 


mula, is ¢ log. ar". If F happens, his absolute fortune be- 


comes a+ 8, to which the corresponding relative value is 


a+p 


a 


c log. ; and so on. Now, let the probabilities of the 


events E, F, G, &c. be respectively p, g, 7, &c. (assuming 
P+ 9+7-+ &c.=1, so that one or other of the events will ne- 
cessarily happen), and let Y represent the relative fortune of 
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the individual arising from his expectation, then, since the 
value of a benefit in expectation is equal to the amount of 
the benefit multiplied by the probability of obtaining it, we 


have 


are 


ae Sp log. 


1 +9 log. © a log. aty of ke. | 


Let also X denote the absolute value of Y; then, by the © 


formula, we have Y=c log. = On comparing these two 


values of Y, we get 


a ote 


log * =plog.“+* +q log. —— +r log. —~ age Sx. ; 


and on aes to numbers, 


— +o) (GHEY ety) eee 


a qetatr+ &e. ° 


therefore, since p+q+7+4 &c. =], 
X=(a-+a) (448) (a7); &e. 

In this expression X denotes the absolute value of the 
original fortune and of the expectation added together ; if, 
therefore, we deduct a from X, the difference will be the 
value of the expectation, or the sum which, if it were to be 
received certainly, would procure the individual the same 
relative advantage as his expectation. 

36. Ifthe sums a, 8, y, &c. are supposed to be very small 


2 
in comparison of a, so that quantities of the order (<) may 
a 
be neglected, the preceding equation becomes 
Xaartatrt &e 4 gptotr&en { gad oP 1 4y4- &e. \ 


whence, since p+-qg+7+ &c.=1, 
X=a+pat g8try+ &c. 


a 
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Deducting from this the original fortune a, the remainder 
pa+q8t+ry+ &c. is the value of the expectation, or the sum 
equivalent to the moral advantage. But the value of the ma- 
thematical expectation of the benefits a, 8, y, &c. of which the 
probabilities are respectively p, q, r, &c.is also pa+q8+ry 
+&c. (31), therefore, when the contingent benefits are very 
small in comparison of the original fortune, the moral ad- 
vantage and the mathematical expectation are sensibly the 
same. 

- 37. Fromthe formula X=(a+a)*(a+8)(a+y) &c. Ber- 
noulli deduces the consequence that gambling or betting is 
attended with a moral disadvantage, even when the chances 
of gain or loss, mathematically speaking, are perfectly equal. 
To shew this, he proposes the following question. A,whose 
fortune is 100 crowns, bets 50 crowns with B, on the issue 
of an event of which the probability is 4, on these terms: 
if the event happens, A is to receive from B 50 crowns ; if 
it fails, he is to pay B 50 crowns; what is the relative va- 
lue of A’s fortune, after undertaking the bet, and before the 
event is decided? In this case, we have a=100, a=50, 
B= —50, y=0; alsop=3, g=4, r=0; and the formula (35) 
becomes 


pa + 
X=(100+450)? x (100—50)?, 


ti 


whence X=,/ 150 x 50=87 ; and, consequently, the con- 
dition of A is worse by 13 crowns than it was before he ha- 
zarded the bet. The moral disadvantage is therefore equi- 
valent to this sum, though the terms of the play, according 
to the mathematical theory, are equal. 

38. The conclusion arrived at in this particular case is 
easily shewn to be universally true. Let a be the capital 
of the player, p his probability of winning, g his probability 
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of losing, and s the sum at stake. In order that he may 
play on terms of mathematical equality, the part of the 
stakes contributed by himself, or the sum which he can lose, 
must be ps (32), and the part contributed by his adversary, 
or that which he may gain, must be gs. The equation in 
(35) therefore becomes 
X=(a-+9s)? x(a—ps)', 

and if it can be shewn that this value of X is less than a, it 
will follow that his condition is rendered worse in conse- 
quence of having staked on the game. Now, dividing by 
a, and taking the logarithm of both sides of the equation, we 


get log. = =p log. (1+*) +4 log. i), the diffe- 


rential of which (making s variable) is 


d log. , 7 gas ie aN 
] ee : pea. sed ; 
a a 


But the second side of this equation is evidently negative ; 


therefore d log. X--a is negative ; consequently the loga- 
rithm of Xa is negative, and X must be less thana. In 
all cases, therefore, the bet, if on even terms, produces a 
moral disadvantage. 

39. Another consequence deduced by Bernoulli from this 
theory of moral expectation, is, that when property of any 
kind is exposed to a risk or hazard, it is more advantageous 
to expose it in parts to several risks independent of each 
other, than to expose the whole at once to a single risk, al- 
though the probability of loss be in both cases precisely the 
same. To prove this, he takes the followingexample. A mer- 
chant has a capital of L.4000, besides goods of the value of 
L.8000, which must be transported by sea. The probabi- 
lity of the loss of a vessel in the voyage being +z, let it be 
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proposed to find the value of the moral expectation of the 
‘merchant in the case of the goods being embarked ina single 
vessel, and also in the case of one half being embarked in one 
vessel and the other half in another. Supposing the mer- 
chandise embarked in one ship, the absolute fortune of the 
merchant will be increased to L.12,000 in the event of the 
safe arrival of the ship, ‘and will be reduced to L.4000 in the 
event of its being lost. The probability of the first of these 
events is 5%, and of the second ;}, ; therefore his absolute 
fortune becomes, in virtue of his expectation, _ 


X=(12,000)?° »¢ (4000)7°, 
whence X=10751. Deducting his other capital, L.4000, 
there remains L.6751 for the value of the moral expectation 
in respect of the venture. 
Let us next suppose the merchandise embarked in equal 
parts in two ships. In this case there are three compound 
events to be considered, Ist, Both vessels may arrive in safety ; 


a ee 9 81 
the probability of which is — x — = —. é 
e probability of which is io 10 = Too 2d, One may 


arrive in safety and the other be lost; the probability of 
which, as it may happen in two ways, (11) is 2x = x 
is - 

=7,,- 3d, Both may be lost; the probability of which is 
i pee 
10 * 10 = 100" 
capital of the merchant will become L.4000+4 L.8000= 
L..12,000; if the second happen it will be L.4000+ L.4000 
=L.8000 ; and if the third happen it will be only L.4000. 
With these numbers the formula becomes 


If the first of these events happen, the 


ar ae oF 
X=(12,000)1°5 x (8000) 1° x (4000) T°, 
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whence X=11033. Deducting his other capital, which was 
exposed to no risk, there remains L.7033 for the value of the 
moral expectation. This sum exceeds the former by L.282; 
and it is easily found by following the same process of rea- 
soning, that in proportion as the risk is divided among a 
greater number of ships, the moral expectation is increas- 
ed, and approaches its limit, which i the value of the ma- 
thematical expectation, or 4%; of L.8000=— 1.7200. 
. 40. The theory of moral expectation enables us likewise to 
- assign the circumstances in which it is advantageous or 
otherwise, to insure property against particular hazards. 
There are three principal questions to be considered in refe- 
rence to this subject ; 1. The amount of premium the insur- 
ed may pay without disadvantage ; 2. The ratio of his for- 
tune to the value of the sum exposed to risk, in order that it 
may be advantageous to insure at a given premium; and 3. 
The capital which the insurer or underwriter ought to pos- 
sess, in order that he may insure a given risk with probable 
advantage to himself, and safety to the insured. 
Let s be the value of a cargowhich a merchant embarks in 
a ship, p the probability of the safe arrival of the vessel, and 
a his capital independently of s. The mathematical value of 
the premium for insurance is gs; for, if we denote the pre- 
mium by y, then vis the sum the insurer will gain if the vessel 
reaches its destination in safety, and s—y is the sum he will 
lose if it does not; and by the theorem for the mathematical 
expectation py=9(s—y) 3 whence, since p+4+-9=1, y=9s. 
If, therefore, the merchant insures the cargo, his absolute for- 
tune becomes a+4-s—gs=a+ps; and if he does not insure, 
it is the value of X in the equation X=:(a45)"a". Hence 
it will be advantageous or otherwise to insure according as 
a+-ps is greater or less than (a4)"’a". Now the logarithm 
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of the first of these expressions, or log (a --ps), is equiva 


’ sj pds ’ 1 §G- 
lent to the integral if! pe! and the logarithm of the se 


pee s but 


cond, or p log (44-8) 4 ¢ log a is equivalent to rey 


since p isa proper fraction, a4-ps is lesa than a4-s, and 
therefore the first integral is greater than the second. Con- 
sequently a--ps is, in general, greater than (a--s)’a%, and 
the insurance is attended with advantage. Let us now as- 
sume xed ps—(a--s)’a", and w will be the sum the mer- 
chant could afford to pay the insurer above the mathemati- 
cal value of the risk without moral disadvantage. [fhe pays 
leas than ga, his relative fortune is increased by insur- 
ings and if he pays more he is a loser. In practice the pre- 
mium may be considered as less than gv-a, but greater 
than gs; so that while the insured pays more than the ma- 
thematical value of the risk, he gains a moral advantage by 
the transaction. 

To solve the second question, let ¢ be the premium de- 
manded for insuring the amount #; then, the other capi- 
tal of the merchant being a, his fortune after being insured 
is a4-8—e; while if he takes the risk on himself, its value 
becomes (a-4-s)"a'. If, therefore, the value of a be deter- 
mined from the equation a--s—e==(a4-8)’a’, we shall have 
the amount of capital he ought to possess in order that it 
may be morally a matter of indifference to him whether he 
insures or not. As an example, let the value of the mer- 
chandise, or s, be 110,000, e=L.800, and p=}%. The 
equation then becomes 


A - J2U0 = (a 4 10,000) 25 qi ; 
Whence a is found by approximation =56043. It follows, 
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therefore, that unless his other capital amount to L.5043, it 
would be disadvantageous to neglect insuring, although the 
premium demanded exceed the mathematical value of the 
risk (which is j x L.10,000=L.500) by L.300. 

The third question, the amount of capital the underwriter 
ought to possess, is determined precisely in the same way. 
Let 6 be his capital. After accepting the risk of the sum s 


for the premium e, his capital will become -+e in the case. 


of the vessel arriving in safety, and 6—s+e in the case of 
its being lost. The formula of the moral expectation there- 
fore becomes X=(b+e)(6—s+e)*; and in order that there 
may be neither advantage nor disadvantage in undertaking 
the risk, this value of X must be equal to his original capi- 
tal, 2. Supposing, therefore, s, e, p, g, to have the same sig- 
nifications as above, the equation from which 6 is to be de- 


termined is 5=(b-+800)2°(2—9200)?5, whence 5= 14243. 
Unless, therefore, the capital of the msurer amounts to 
L.14,243, there would be a moral disadvantage in undertak- 
ing the risk of insuring a cargo worth L.10,000 for a pre- 
mium of L.800; and it is easy to see, that if a smaller pre- 
mium were demanded, the capital ought to be still greater. 
On making e=600, (which still exceeds the mathematical 
value of the risk), the value of 6 becomes L.29,878. Hence 
it follows, that a company possessing a large capital may not 
only with safety engage in speculations which might prove 
ruinous to another whose resources are more limited, but 
even derive from them a sure profit.! 

41. The theory of moral expectation which we have now 
been considering had its origin in a problem proposed by 


1 See the Commentarii Acad. Petropolitane, tom. v.; Laplace, 
Théorie des Prob. p. 432; Lacroix, Traité Elémentaire, p. 132. 
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Nicolas Bernoulli to Montmort, which, from its having been 
discussed at great length by Daniel Bernoulli in the Peters- 
burg Memoirs, has been usually called the Petersburg prob- 
lem. It is this; A and B play at heads and tails. A agrees 
to pay B 2 crowns if head turn up at the first throw; 4 
crowns if it turn up at the second, and not before; 8 if 
it turn up at the third, and not before ; and, in general, 
2" crowns if it turn up at the ath throw, and not before : 
‘required the value of B’s expectation? Here the proba- 
bility of head turning up at the first throw is 3; the proba- 
reid of its turning up at the second, and not at the first, is 
4x4=4; the probability of its not turning up either at the 
first or second, and of its turning up at the third, } xi xi 
=}, and soon. Hence the probabilities of B receiving 2, 
4,78, 16......2" crowns 


ve =» consequently (31) 


are respectively is beat a 
ee Se 
the mathematical value of B’s expectation is 
a x24 — 7X44 > = =4x16.. Ee: yo crowns. 
Now, as no limit can be assigned to 2, inasmuch as it is 
possible that head may not turn up till after a very great, 
or any assignable number, of throws, this series, of which 
each term is unity, may go on for ever, and consequently 
the value of B’s expectation becomes infinite. Yet it is ob- 
vious that no one would pay any considerable sum for the 
expectation. This disagreement between the dictates of 
common sense and the results of the mathematical theory, 
appeared to Montmort to involve a great paradox ; although 
the question differs in this respect from no other question 
of chances in which the contingent benefit is very great, and 


re MATHEMATICAL AND MORAL EXPECTATION. 


the probability of receiving it very small. If the play could 
be repeated an infinite number of times, B might undertake 
to pay without disadvantage any sum, however large, for his 
expectation. A result, however, more in accordance with or- 
dinary notions, is obtained from the principle of Bernoulli. 
Let a be the amount of B’s fortune before the play begins, 
x the value of his expectation, or the sum he pays A in con- 
sideration of the agreement, and make z=a—za. If head 
turn up at the first throw, B’s fortune becomes z+ 2; if at 
the second, and not before, z-+4 2°; if at the third, and not 
before, z-4+2°; and so on. But the probabilities of these 


ae Be | 1 
events being respectively ype —, the formula 


for the moral expectation becomes (35) 
X=(2-2)2(2427)4 (24-25) 0... (22")2, 

Now the sum which B ought to pay will be determined by 

making the value of his moral expectation, after the bet, 


and before the play begins, equal to his previous fortune ; 
we have therefore a= X, that is, 


a=(24+2)2(2-+2°)#(2-42°)8 vaieds 
The general term of this series being (242) = 
o( 1 eo ae the equation may be put under the form 
we 61 2 3 A iy 2 z + z g 
a= (22 423428 421%...) x (2 +5) (1+3) (1 +3) ws 
and since the logarithm of the first factor of this expression 


is (++ = T = ies ao &e.)log 2, or= 4 1 +2(5) 


Ee 3(+) +4(5) + &e. \og2=s-(I—5) log 2= 
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2 log 2, we have log a=2 log 2+ zoe (1 +-— =e7 — log 


(144)+< e log(1 +>) +8 

from which a value of z may be found by trial and error 
for any given value of a. Suppose 2=100; on computing 
the first 10 terms of the series there results a=107: 89, 
whence (since r=a—z) x==7-89 ; that is to say, if B pos- 
sessed only 100 crowns before beginning the play, it would 
be morally disadvantageous for him to risk 8 crowns for the 
expectation, although its mathematical value be infinitely 
great. If we suppose z=1000, the sum of 11 terms gives 
a=1011, nearly; so that if B possessed a fortune of 1011 
crowns, the value of the moral expectation would, to him, 
be about 11 crowns. 

It is scarcely necessary to remark, that the results de- 
duced from the principle of Bernoulli are of a character 
widely different from those which are calculated according 
to the mathematical expectation. The latter gives the pre- 
cise value ofa contingent benefit, without any assumption or 
hypothesis respecting the personal circumstances of the indi- 
vidual who may gain or lose it ; whereas the considerations 
of relative advantage, of which it is the object of Bernoulli’s 
theory to take account, are entirely arbitrary, and by their 
very nature incapable of being made the subject of accurate 
computation. It is evidently impossible to have regard to, 
or appreciate, all the circumstances which may render the 
same sum of money a more important benefit to one man than 
to another; and consequently everyrule that can be given for 
the purpose must be liable to numerous exceptions. The 
principle, however, is thus far valuable, that it gives in the 


most common cases a plausible and judicious estimate of 
E 
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the value of things which are not susceptible of exact ap- 
preciation ; and it has the advantage of being readily sub- 
mitted to analysis. A different principle, proposed by the 
celebrated naturalist Buffon, consists in making the value 
itself of a casual benefit, instead of its infinitely small ele- 
ments, inversely proportional te the fortune of the expec- 
tant; but as this hypothesis has seldom been adopted, it is 
unnecessary to discuss it in this place. 
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SECTION V. 


OF THE PROBABILITY OF FUTURE EVENTS DEDUCED FROM 
EXPERIENCE. 


42. In the preceding part of this article it has been as- 
sumed, in every case, that the number of chances favour- 
able and unfavourable to the occurrence of a contingent 
event is known a priorz, and consequently, that the proba- 
bility of the event, or the ratio of the number of favourable 
cases to the whole number of cases possible, can be abso- 
lutely determined. But in numerous applications of the 
theory of probabilities, and these, generally speaking, by far 
the most important, the ratio of the chances in favour of an 
event to those which oppose it is altogether unknown} and 
we can form no idea of the probability of the event except- 
ing from a comparison of the number of instances in which 
it has been observed to happen, with the whole number of 
instances in which it has been observed to happen and fail. 
In order to assign the probability of a contingent event in 
such cases, it is necessary to consider all the different causes 
or combinations of circumstances by which the event could 
possibly be produced, and to determine its probabilities suc- 
cessively on the hypotheses that each of these causes exists 
to the exclusion of all the others. The comparative facili- 
ties which these hypotheses give to the occurrence of the 
event which has actually arrived, will then enable us to de- 


a 
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termine the relative probabilities of the different hypothe- 
ses, and consequently their absolute probabilities, since their 
sum is necessarily equal to unity ; and when the probabili- 
ties of the different hypotheses, and of the occurrence of the 
event on each hypothesis, have been determined, the pro- 
bability of the event occurring in a future trial will be found 
by the methods already explained. 

43. Taking a simple case, let us suppose an urn to contain 
“i counters, which are either white or black ; that the num- 
ber of each colour is unknown, but in four successive draw- 
ings (the counter drawn being replaced in the urn after 
each trial) a white counter has been drawn three times, and 
a black one once ; and let it be proposed to assign the pro- . 
bability of drawing a counter of either colour at the next 
trial. 

In the present case three hypotheses may be formed re- 
lative to the number of white and black counters in the urn. 
Ist, The urn may contain 3 white counters and 1 black 
2d, It may contain 2 white and 2 black; 3d, It may con- 
tain 1 white and 3 black; for a counter of each colour hav- 
ing been drawn, the other two possible cases, namely, that 
they are all white or all black, are excluded by the observa- 
tion. Now, let 7, ps, Ps, be the probabilities respectively of 
drawing awhite counter on each hypothesis, and 4, 72, 73, the 
probabilities of drawing a black. Supposing the first hypo- 
thesis to be true, or that the compound event which has been 
observed was produced by the cause indicated by that hypo- 
thesis, we have p;=3, g,;==43 and the probability of the ob- 
served event, or that 3 white counters and 1 black would be 
drawn, (12) is 4p,° q=3Z. The second hypothesis gives 
P2=4, Y=}, whence 4p.° q.=%§- The third hypothesis 
gives psx}, q;=3, whence 4p,° qz=%;- The probabilities 
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of the observed compound event, on each of the three hy- 
potheses, are therefore, respectively, §7, §$ gz 3 and the 
question now arises, how are the probabilities of the differ- 
ent hypotheses to be estimated? As we have no data, a 
priori, for determining this question, we must assume the 


probabilities of the different hypotheses to be respective-_ 


ly proportional to the probabilities they severally give of 
the observed compound event; in other words, we must 
assume the probability of any hypothesis to be greater or less 
according as it affords a greater or smaller number of com- 
binations favourable to the event which has been observed 
to take place. Thus, if C and C, be two independent causes 


from which an observed event E may be supposed to arise, | 


and C furnishes 20 different combinations out of a given num- | 


ber, favourable to the eccurrence of E, while C, furnishes 
only 10 such combinations out of the same number, we na- 


turally infer that the probability of the cause C having ope- | 


* rated to produce E, is twice as great as the probability that 
the event was produced by the operation of the cause C,. 
Applying this principle to the present example, the probabi- 
lities of the three hypotheses are respectively proportional 
to the three fractions $7, 44, , or to the numbers 27, 16, 
3; and as no other hypotheses are admissible, the sum of 
their probabilities must be unity; therefore, making a, the 
probability of the first hypothesis, a, that of the second, and 
w; that of the third, we have 


27 ee x 
ew ag i6 
44. Having found the probabilities of the different hy- 


potheses, that of drawing a white counter at the next trial 


is obtained without difficulty; for according to what was 
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shewn in (9), the probability of this simple event must be 
equal to the sum of its probabilities relative to the different 
hypotheses, each multiplied into the probability of the hypo- 
thesis itself. Now it has been seen that, on the first hypo- 
thesis, the probability of drawing a white ball is 3; on the 
second #, and on the third 4; and that the probabilities of 
the hypotheses are respectively 23, }§, 7%; therefore the 
probability of a white counter being drawn at the next 
trial is 


3. 27 ..2 


16 ] 3.21418 
a*aeta*igt a” 


46 184° 
In like manner, the probability of a black counter being 
drawn at the next trial is 


1. 2132 16 a3 3 as 
a%a6 tg X46 +4 * 46-104! 
and the sum of these two fractions is unity, as it ought to be, 
since the counter drawn must necessarily be white or black. 
45. The reasoning which has been employed in this par- 
ticular case is of general application. Let E be an observed 
event, simple or compound, of which the particular cause is 
unknown, but which may be ascribed to any one of the 2 
causes, C,, C,, C,,:...%. C,,, which, before the event has 
happened, are all equally probable, and such that the opera- 
tion of any one of them excludes that of the others, so that 
the event E is produced by one of them alone, and not by the 
joint agency of several of them. Let the probabilities of the 
observed event E on the hypothesis that it has proceeded 
from each of those causes be respectively Py, Fo, Pey.cs k's 
so that if the cause, for instance, C; were the true one, the 
probability of the event E, previous to the observation, 
would be P; ; and let the probabilities (as determined by the 
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event) of the existence of the different causes be respective- 
FEW W gs Wigy-0s0esces aw, From the principle laid down in 
the preceding paragraph, namely, that the probabilities of 
the different causes or hypotheses are proportional to the 
probabilities they respectively give of the observed event, 
we have _ 
otk, RR, as Pe See Pee oer ab oh 
whence, making P, +P,,+P,......--P, =2P,,andobserv- 
ing that 7, +a,+24,......4+2, =1 (since it is assumed 
that there are no other causes than those specified from 
which the event could arise), we have 
P, P, P, Py, : 

71 =sp, 7 e=3p,’ pk cata "lea de =SP,’ 
whence it appears that the probability of each hypothesis re- 
specting the cause of the observed event is found by divid- 
ing the probability of the event on the supposition that that 
_ particular cause alone existed, by the sum of its probabili- 
ties in respect of all the causes. Let us now assume the 
probabilities of a future event E’ (which may be the same 
with E or different, but depending on the same causes) in 
respect of the several hypotheses, to be, p,, Po, Pss-+++++ Das 
so that if the particular cause C; be the true one, the proba- 
bility of E’is p ;; and let 11 be the probability of E’ in respect 
of all the causes, then by (9), I will be equal to the sum of 
the probabilities p,, Po, Pzes++- n relative to the different 
hypotheses, each multiplied by the probability of the hypo- 
thesis ; ‘that is to say we shall have 


| DP Wy FP eF oP A 5e0eeee ft PnAn3 
or II=3p,a,, the symbol = indicating the sum of all the dif- 


ferent values of p and aw in respect of the different causes 
Cj; Cy, errs moe a 


80 PROBABILITY OF FUTURE EVENTS 


46. It may be worth while to remark that the word cause is 
not here used in its ordinary acceptation to denote the com- 
bination of circumstances, physical or moral, of which the 
event is a necessary consequence. In the sense we have 
used the term, the cause C is that which gives rise to the 
determinate probability P, that the event E will happen ; 
but so long as this probability falls short of certainty, its 
existence also implies that of another probability, 1—P, 
that the contrary event F will happen. Ifwe make P=1, 
the existence of the cause C would necessarily involve the 
occurrence of E; and it is in this particular sense that the 
word cause is ordinarily used. In the theory of probabi- 
lities the causes of events are considered only in reference 
to the number of chances they afford for the occurrence of 
those events which they may possibly, but do not neces- 
sarily, produce. 

47. The following example may serve to illustrate the 
method of applying the preceding formule. An urn 
contains 2 balls, which are known to be either white or 
black. A ball is drawn at random and found to be white ; 
required the probability of drawing a white ball at the 
next trial ? 

In this case, the number of hypotheses that may be made 
respecting the contents of the urn, is 2; for we may sup- 
pose that it contained one, or two, or any number of white 
balls from 1 to 2, and each of these cases may be consider- 
ed as a distinct cause of the observed event E. Let these 
causes or hypotheses be C,, C,, C;,......C,, and let us sup- 
pose the true cause was C,, or that the urn contained 7 white 
balls. On this hypothesis the probability of the observed 


2 a pra 
event E is vt whence =F3 and therefore, making 7 succes- 
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sively equal to 1, 2, 3,....2, we have sP=-(1 +2+3..+)x) 


ssa 


But the sum of this arithmetical series is ——_—’, therefore 


2,P=43(n+ 1), and consequently, 
P, 2i 


“SP, n(n)’ 
which is the probability of the assumption that the event 


proceeded from the cause C, or that the urn contained é 


: 2 
white balls. If we suppose 7=2 we have a,= z 7 fr the 


probability that all the balls are white; and if we also sup- 
pose 2=3, this becomes 4; whence if an urn contain 3 balls 
which must be either black*or white, and a white ball be 
drawn at the first trial, it is an even wager, after the trial, 
that all the balls are white. 

48. Having found, from the observed event E, the pro- 
babilities of the different hypotheses, we have now to deter- 
mine the probability I of the event E’ (the drawing of a 
white ball) at the next trial. Here two cases present them- 
selves; according as the ball is replaced in the urn, or is not; 
or in general, according as the law of the chances remains 
constant during the series of trials or varies. 

Ist, Let us suppose that the ball has been replaced in the 
urn. In this case the probability of the event E’, on the hy- 


. . . . z . 
pothesis that the urn contains z white balls, iss 3 that is to 
2 eye . bd 
say p=—=—. But the probability a, of this sires. as 
n 


found above, is ————- ; therefore p, 7,= 2 “te > i apne 


ae FI) 
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°2 
the general formula (45) i= =p, #,becomes == waph = 
2 : 
Wind) : 
perty of the figurate numbers referred to in (23), the sum 
of the series of numbers obtained by giving z every value 
n(n-+-1) 
1.2 


Now 22?= 7(¢+4+1)—xz. But by the pro- 


from i=] to t= in the formula 


is expressed by 


n(n4-1)(n-4+2) | 
a a es 


We have also as above 


therefore 22(¢-+- 1)—= 


n(n+-1)(n+ 2) 
3 


Li=14+2+43...... + 


consequently, ‘ 


spe M@tVM$2)_r(n$1)_r(m+D2n+1) 
pe 3 2 > ee 


and therefore 


as 2 ye Bes £3) ae 
n*(n+-1) yee 3u 
' 2d, Suppose the ball which has been extracted is not re- 
placed in the urn. In this case, on the hypothesis that the 
urn at first contained ¢ white balls, the probability of draw- 


—1 , wae 
ing a white ball at the next trial is “—; that is, petra ; 
n—l] n—1 
and the probability of the hypothesis is the same as in the for- 
BKé—}) 
(Inn 1) 


si(i—1). Now 


mer Case, or 7,= ; therefore p, «j= 


22 
n(n-+-1) 


and consequentlyi=2p,a,= 


2 
(n—1)n(n-- 1) 
the value of 32(7—1) will evidently be found by writing 
n—1 for 7 in the above expression for 3¢(i-+1)); whence 
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z2(i—1 at ia oe as and, therefore, in this case 
eg 2 (m—1)n(n41)_ 2 
~ (n—1)n(n+-1) 3 pipe 


When 2 is a very large number, the ratio of 2x41 to 
3n, the value of II in the former case, does not sensibly 
differ from %, and therefore in both cases 7=%. Hence it 
follows, that if an event, depending on unknown causes, can 
happen only in one of two ways, and it has been observed 
to happen once, the odds are two to one in favour of its 
happening in the same way at the next occurrence. 

49. The expression for a in (45) was determined on the 
supposition that previously to the experiments being made, 
we are entirely ignorant of the relative numbers of the two 
sorts of balls in the urn, and have no reason to suppose one 
hypothesis more probable than another. If; however, we 
happen to know, previously to the experiment, that the dif 
ferent causes C,, C,, C,, &c. have not all the same num- 
ber of chances in their favour, or that the probabilities af 
the different hypotheses have relative values, it becomes ne- 
cessary to introduce those relative values, in consequence 
of which w,, w,, &c., will receive a modification. Let us 
conceive a number of urns, each containing balls of two 
colours, black and white, to be distributed in » groups, 
A,, Ag, A,-........A,, in such a manner that the ratio of 
the number of white balls to the number of black balls 
is the same in respect of each urn belonging to the same 
group, and consequently that the probability of drawing 
a ball of either colour is the same from whichever urn 
in the group it may happen to be drawn, but different in 
respect of the different groups ; and let the probabilities of 
drawing a white ball from each of the different groups be re- 
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spectively P,, P.. Pi,.sve P,. Now, let us suppose there 
are a@, urns in the group Aj, a, in the group A,, and so on, 
and let s = the whole number of urns, so that s=a,+a, 


< a a 
Hf dg seeee +a,,; then, if we make ee ~ =e and so 


on, A, will be the a priort probability that a ball drawn from 
any urn at random, will be drawn from the group A,; A, 
the probability it will be drawn from the group A, ; and, 
in general, \, the probability it will be drawn from the group - 
A, This being premised, suppose a trial to be made, and 
that the event E is a white ball ; the probability a, of the 
hypothesis that the ball was drawn from the group A, is 
found as follows. The a priori probability of the ball be- 
ing drawn from the group A, is \,; and if the ball is actu- 
ally drawn from that group, the probability of its being 
white is P;; therefore the probability of both events is 

xP, * 


», P,; and consequently (45), m=5p 
ct 4 


mation = extending to all the values of 7 from 7=1 to i=”. 
50. In the applications of the theory to physical or moral 


, the symbol of sum- 


events, the different groups of urns here imagined may be 
regarded as so many independent causes C,, C,, C,, &c. 
by any one of which the event E might have been produced ; 
z; is the probability that the event was produced by the par- 
ticular cause C,;; P, is the probability that the cause C, if it 
had alone existed, would have produced the observed event 
E; and ), is the probability, previously to the experiment, 
that C, would be the efficient cause. The formula a,= 
ap therefore, shews that the probability of any one of 
the possible causes (C,) of an observed event is equa! to the 
product of the probability (P,) of the event taking place if 
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that cause acted alone multiplied into the probability A, that 
the cause C,is the true one, and divided by the sum (3A, P;) of 
all the similar products formed relatively to each ofthe causes 
from which the event can be supposed to arise. 

51. The formule now obtained can only be used when 
the number of hypotheses is finite; but in the applications 
of the theory it most frequently happens that an infinite 
number of hypotheses may be made respecting the causes of 
an observed event, as would be the case in the above ex- 
ample if the number of balls in the urn had been unknown. 
In such cases, in order to find the values of a and Q, it be- 
comes necessary to transform the sums = into definite in- 
tegrals, which is accomplished by means of the theorem 
2X=/;' X dx, where X is a function of x. Suppose a ball 
to have been drawn a great number of times in succession 
from an urn (the number in which is unknown) and re- 
placed in the urn after each drawing, and that the result 
has been a white ball m times and a black ball x times, the 
probable constitution of the urn, and thence the probability 
of drawing a white ball at a future trial will be found as 
follows. Assume the hypothesis that the ratio of the num- 
ber of white balls to the whole number in the urn is x: 1], 
and let aw be the probability of the hypothesis. On this 
hypothesis the probability of drawing a white ball in any 
trial is z, and that of drawing a black ball 1—a, and 
consequently, the probability of drawing m white and x 
black in m--7 trials is Uw"(1—2x)" by (12). We have there- 
fore for the probability of the observed compound event 
P=Ua2"(1—2x)"; whence in consequence of the above 
formula for transforming a sum into a definite integral 
SPeU fpr)" dz (U being independent of a) and 
therefore 


* 
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se a” (1—zx)" 
y 2 ford — . 
=P SNe (1—z) dx 
The value of the integral in the denominator of this frac- 


tion is obtained by the usual method of integrating by parts. 
Since 


amtl( 19)" n 
eave nth n +1] »\n—l 
i = «"(1—x)"dr— 12 (1—a)"—"dx, 
therefore 
am+)(]—a)" 


fo" —e)de= + aaah Sf amt} 1-a)"de, 


m+ 1 
In like manner we get fa™+!(1—x)*—du 


eer Le)! <n] 
oa m+2 m +2 
Continuing this operation x times, or till the exponent of 
(1—2) becomes n—x=0, the last integral will be 
ym+n+l 
mn’ 
therefore, collecting the several terms into one sum, we have 


m+1/]_  »)\n +2/]___y»)n—1 
fod—s)de= = (1—zx) nxmt?( 1-2) 


Sfunt*(1—a) de. 


Si amtndy— 


m+ 1 (m+1)(m+2) Coeecceres 
+ n(n—1 )(N—2)....046 2-1 gmtnti 
Sih weave as (m+ 1)(m-+2) eseece esr m+n+l . 


When a=0, all the terms of this series vanish, and when 
x=) they all vanish excepting the last; therefore between 
the limits e=0 and x=1, the value of the integral is the 
last term of the series when 2 in that term =1; that is to 
say, 
n(n—1)(n—2)...... ee | 
(m+4-1)(m+2)......m-n-+l 
For the sake of brevity, let the symbol [2] be adopted to 


Si a” (1—x)"da= 
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represent the continued product 1 .2.3...@ of the natural 
numbers from 1 to 2,! whence by analogy [#-+-y] will repre- 
sent the continued product of the same series from 1 to the 
number denoted by x+y. Multiplying, then, the numera- 
tor and denominator of the above expression by 1.2.3... 
...m=[m], we get 
Sf 2”(1—x)"de= een ; 
whence the probability of the hypothesis, in consequence of 
the equation above found, becomes 
lm pn$l] 
[m][n] 

From this value of a we are enabled to deduce that of 1, 
the probability of drawing a white ball at the next trial. By 
(45) 1=sap. Now, since by hypothesis the number of 
white balls in the urn is to the whole number of both co- 
lours in the-ratio of x to 1, the probability of drawing a 
white ball is x; consequently p=2, and therefore I=Saa= 

1 [m+n+1] 
oe axdu= Tuer 
of f, «+1(1—2x)"da will evidently be obtained by substi- 


x™(1—x)". 


Se a™+1(|x)"dx. But the value 


tuting m-+41 for m in the expression found for /-' x™ 
(1—ax)"dx. This substitution gives 
: m-+1 "dz’= [m-+1] [x] 
pe i ie CET 
whence, observing that [m+1] + [m]=m-+1, and 
[m+n+2]~—[m+n+1]=m+n-+2, we have 


_ m+ 
~ m+n+-2 


1 This convenient notation has been adopted by Mr. De Morgan. 
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The probability of the contrary event, or of drawing a 


black ball, is 1—n= oe As the numbers m and 2 
mM+n+2 


become larger, these two fractions approach nearer and 

n 
m+ n 
probabilities p and qg of the respective events when the ratio 
of the number of white balls in the urn is to that of the black 
balls as m to 2. 

52. The probability of drawing m’ white balls and x 
black balls in m’+-2’ future trials is found in a similar man- 
ner, and the problem may be thus stated. E and F are two 


nearer to their limits and whichare the apriort 
m+-n2 


contrary events, depending on constant but unknown causes; 
and it has been observed, that in m4-n=h successive in- 
stances the event E has occurred m times and F 2 times, 
required the probability that in m’-+-'=/’ future instances, 
E will occur m’ times and F 7’ times. | 

Assume, as in the last case, the facility of the occurrence 
of E to that of F to be in the ratio of x to 1—w; we have 
then, as before, for the probability of the hypothesis, a= 
[h41] 
Tm] [2] 
lity of E in the next instance is 2, and that of F is l—a, 
whence the probability of m’ times E and w’ times F in the 
next h’ trials being denoted by p, we have (12) p=U’ a” 


Li 2B 
1.2.35. a8 SP. 25 Sie. 


[A’] . —I[)/ +1) m +m’ 
Tanecal We have therefore ap=U eats & 


(1—a)"+”’ for the probability of the compound event on 
this hypothesis. To find its probability 1 on the infinite 


x™(1—a«)”. Now on this hypothesis the probabi- 


(i—x)", making U’= 
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number of hypotheses formed by supposing 2 to increase by 
infinitely small increments from x=0 to w=1, we have 


U=zap= f, zpdx. On substituting for ap the value just 


ee ey ; 
found, we get =U’ gmtm (]__»)"t"'dax, and 
8 ii 


it is manifest that the value of this integral will be obtained 
by substituting mm’ for m, and n+-n’ for z in the value 


of at 2™(1—x)"dx found above. This substitution gives 


[m—m|[n+n’ | 
[A+ +1] 


Ok tia la) "t* dz = 


> 


whence we conclude 
mau’ Mem een FN] 
[mje L+H +1) 
The most probable hypothesis will be found by making 
the value of = a maximum, or its differential coefficient equal 
h+] 
a phic 


ot ie 
and making ae =0, we get m(1—x)=nz, whence x = 


to zero. Differentiating the equation a= 


m 
m+ nr 
ing the contents of the urn is, that the two sorts of balls are 
in the same proportions as have been shewn by the previous 
drawings. We shall have further occasion for these for- 
mulze when we come to consider the cases in which m and 


The most probable supposition, therefore, respect- 


n are large numbers. 
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SECTION VI. 


OF BENEFITS DEPENDING ON THE PROBABLE DURATION OF 
HUMAN LIFE. 


53. In applying the principles of the theory of probabi- 
lity to the determination of the values of benefits depend- 
ing on life, the fundamental element which it is necessary 
to determine from observation is the probability that an in- 
dividual at every given age within the observed limits of 
the duration of life, will live over a given portion of time, 
for instance one year; for when this has been determined 
for each year of age, the probability that an individual, or 
any number of individuals, will live over any assigned num- 
ber of years, is easily deduced. Thus, if the probabilities 
that an individual A, whose age is y, will live over 1, 2, 
3...% years, be denoted respectively by p,, p., P5-+-Pz3 and 
if 9:5 go Y5++:Gx denote the same probabilities in respect 
of an individual whose age is y.1 years; 7,,r,,7,;...72, the 
same in respectof an individual whose age is y+-2 years, and 
so on ; then, since the probability p, which A has of living 
over 2 years is obviously compounded of the probability p, 
of his living over 1 year, and of the probability g, that, hav- 
ing attained the age y+1, he will live another year, we 
have, by (7), Po=P,9,+ Again, the probability p, that A 
will live over three years, being compounded of the proba- 
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bility p, that he will live over two years, and of the proba- 
bility r, that, having attained the age 74-2 years, he will 
survive another year, we have p,=p,7,=p,4,1,- In like 
manner ~,=p,; 7; 7; %,, and so on; so that the probabili- 
ties P., Ps, P4---Ps are successively derived from p,, ¢,; 
,,5,, &c. which are supposed to be the data of observation. 
If a large number # of individuals, all born in the same 
year, were selected, and if it were observed that the num- 
ber of them remaining alive at the end of the first year is 
x,, at the end of the second year %,, at the end of the 
third 2,, and so on, then the probabilities p,, p,, p,, &c-. 
would be given directly by the observation, being respec- 


: i n, Wn 
tively equal to the quotients — = —_ &c. But the most 


accurate observations of mortality are furnished by the ex- 
perience of the annuity and assurance offices, where they 
are not made on an isolated number, diminishing, and con- 
sequently giving a less valuable result every year, but on a 
comparison of the numbers which, in a series of years, en- 
ter upon and survive each year of age. This observation 
ZIVES P1, Jy» Ty, % &eC, whence p., p;, P4, &c. are found, 
as above, for every year of life? 

54. The values of annuities on lives, and of reversionary 
sums to be paid on the failure of lives, are found by com- 
bining the probabilities p,, p., p,, &c. with the rate of in- 
terest of money. Let r= the rate of interest, that is to say, 
the interest of L.1 for a year, and v= the present value of 
L.1 to be received at the end of a year, we shall then have 
e=1+(1+r). Now an annuity, payable yearly, is always 
understood in this sense, that the first payment becomes due 


* For further details on this subject, see Morrauity, vol. xv. p. 550. 
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at the end ofa year after the annuity is created. Suppose 
then the annuity to be L.1, the present value of the first 
payment, if it were to be received certainly, is v; but the 
receipt of this sum is contingent on the annuitant being 
alive at the-end of the year, the probability of which we sup-. 
pose to be p; ; therefore (7) the present value of L.1 sub- 
ject to the contingency, is up,. In like manner, the present 
value of L.1 to be received certainly at the end of x years 
is v ; but the annuity will only be received at the end of 
the th year if the annuitant be then living, the probability 
of which is p, ; therefore the present value of that particu- 
lar payment is vp, Hence if A denote the present value 
of the annuity, or the sum in hand which is equivalent to 
all the future payments, we shall have A=3e"p,; the sum 
> including all values of x from x=1 to r= the number for 
which p=0. If the annuity be @ pounds, its value is cb- 
viously =aSe*p,—=aA. 

55. The series denoted by vp, may be divided into two 
parts, 2¢"p,-+20*p,, where 7 is to be taken from 1 to 2, and 
zfrom2+ 1 tothe number for which pvanishes. The first gives 
the value of the temporary annuity on the given life for x 
years, and the second the value of the deferred annuity, that 
is to say, of the annuity to commence z years hence if the 
individual shall be then living, and to continue during the 
remainder of his life. Let A be the value of the annuity 
on the life of a person now aged y years for the whole of 
life, A) the value of a temporary annuity on the same life 
for 2 years, and A‘) the value of an annuity deferred x 
years on the same life, we have then A= A‘) 1 A(@), 

To find A(@), let A, be the value of an annuity on a life 
aged y+” years. If the person now aged y years lives over 
n years, the value of an annuity on the remainder of his 


PROBABLE DURATION OF HUMAN LIFE. 93 


life will then be A,. The present value of this sum, if it 
were to be received certainly, is vA,, and the probability 
of receiving it is p,; therefore its value isv"p,A,.- Hence 
A‘) yp, A,, and A@”)= A—v"p,A,3 | 
so that the values of temporary and deferred annuities are 
readily computed from tables of A and p for all the diffe- 
rent ages. 3 
56. The equation A=A(”) 4+ A(@”) gives a formula by 
which the values of A are readily deduced from one ano- 
ther. Let n=1; we have then ASA“) +ep,A,. But 
A‘), the value of an annuity for one year, is merely the 
value of the first payment to be received in the event of the 
given life surviving one year. Its value is therefore vp; ; and 
we have consequently A=vp,-+-rp,A,, or A=ep,(1+A, ). 
This formula, which gives the value of an annuity at any 
age in terms of the next higher age, and greatly facilitates 
the computation of the annuity tables, is due to Euler. 
57. The value of an annuity on the joint lives of any num- 
ber of individuals, that is, to continue only while they are ad/ 
living, is calculated precisely in the same manner as the an- 
nuityon a single life. Let there be any number of individuals, 
A, B, C, D, &c. and let the probabilities of each living over 
one year be respectively p,, ¢,, 71> 5,, &c. and let P; be 
the probability that they will a// live over one year ; then 
Py py Gye ry X $;,:&e- 
Pomp, X Gist eX $25:&c- 
Bite Oe 09, KX fa. Oy We 
and the value of an annuity of L.1 on the joint lives is 
Se*P,, from a=1 to «= the number which renders any one 
of the probabilities p, g, 7, s, &c. nothing. 
58. The value of an annuity on the survivor of any num- 
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ber of given lives, that is, to continue so long as any one of 
them exists, is thus found. The probability that A will be 
alive at the end of the wth year being p,, the probabi- 
lity that he will not be alive at the end of that time is 
1—p,. The probability that al/ the lives will be extinct 
at the end of the ath year is therefore 
(1—p.)(1—9.)(I—r, (18), Be. 

and the probability that they will not all be extinct, or that 
at least one of them will be in being, is 

1—(1—p,)(1—q,)(1—.) (1—s,), &e. 
which becomes by multiplication 

Pet ets + Set Ke 

—P Ju —PM greece Ya! e—Ya8 x06 080 — PS p= KC: 

+ Pr Ya Tr HPs Ye Sz revere $s TrS2 + &e. 

—De Va Vx Sx —&C. 

+ &c. 
Multiplying each of the terms byv*, and taking the sums of 
the respective products from a2=1, and observing that 
£v'p.Qz2 is the value of the annuity on the joint lives of 
A and B, =v*p,q.27, that on the joint lives of A, B, and 
C, and so on, we have this rule :-— 

The value of an annuity on the survivor of any number 
of lives is equal to the sum of the annuities on each of the 
lives, minus the sum of the annuities on each pair of joint 
lives, plus the sum of the annuities on the joint lives taken 
by threes, and so on. When there are only two lives, the 
value of the annuity on the life of the survivor becomes 

Lv" Py 4 Lv", —2ZWw" Pz Ya + 

59. Let V denote the value of an assurance on the life 
of A, or the present worth of L.1 to be received at the end 
of the year in which A shall die. In respect of any year, 
the ath, after the present, the probability of A dying in the 
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course of that year isp,_.—p- For let u be the probabi- 
lity that a life ~—1 years older than A will live over one 
year, then 1—w is the probability of a life of that age not liv- 
ing over one year ; therefore p,_; being the probability of A 
living over z—1 years, pp; (1—w) is the chance of his liv- 
ing over x—1 years, and dying in the following year (7). 
But p,-1(1—u)=p,-1 —pr-143; and by (53), pz1U= De 5 
therefore p,:—p, is the chance that A will survive a—1 
years and not survive « years. Nowz* is the value of L.1 
to be received certainly at the end of the wth year ; there- 
fore in respect of the xth year the value of the expectation 
is v,(p.1—p. )3 whence we have for the value of the as- 
surance 
V=E0"(pri—Pz)> 
from x= 1 to x= the number which makes p=0. Now; if 
we observe that po}, and 2v*p,-) =viv"*—!p,_1, it will be 
obvious that Ev*p,—1=v(14+2v7p,); whence, denoting 
zv*p, by A, (A being as in (54) the value of the annuity 
on the given life), we have 
V=r(14+A)—A; or V=r—( ik 

60: The values of assurances on joint lives, (that is, to be 
paid at the end of the year in which any one of the lives shal} 
fail), or on the survivor of any number of joint lives, are cal- 
culated from the eorresponding annuities by means of the same 
formula. Thus, let A’ be the value of an annuity of L.1 
on any number of joint lives, and V’ the value of an assur- 
ance of L.1 on the same joint lives, then V’=v—(1—v) A’. 
If A” be the annuity, and V” the assurance on the life of 
the survivor of any number of given lives, we have still 
V’=v—(1—v) A”. 3 

61. Assurances on lives are usually paid not in single pay- 
ments, but by equal yearly payments, the first being made 
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at the time the contract is entered’ into, and the succeeding 
ones at the end of each future year during the life of the 
assured. The present value of the sum which the assured 
contracts to pay is therefore equal to the first payment add- 
ed to the value of an annuity of the same amount on his life ; 
and if the assurance is made on terms of mathematical equa- 
lity, this sum must be precisely equal to the value of the 
assurance in a single payment. Therefore, if ydenote the - 
amount of the yearly payment, we have the equation 

y(1+A)=V; whence y=V+(1-+ <A). 

62. The value of a temporary assurance for 7 years, that 
is, of an assurance to be paid only in the event of the indi- 
vidual dying before the end of years is thus found. Let 
V be the present value of L.1, to be paid on the death of a 
person now aged y years, and V, the present value of L.1, 
to be paid on the death of a person now aged y-+-” years. 
At the end of 2 years from the present time, the value of 
L.1 assured on the life of a person now aged y years 
will be V,, if he be then living. But the present value of 
L.1 to be received certainly at the end of years is 2 ; and 
the probability that the life will continue years is p,; there- 
fore the present value of V,, subject to the contingency of 
the life continuing 7 years, is vp, V,. If, therefore, we sub- 
tract this from V, we shall have the value of the temporary 
assurance in a single payment, namely V—v'y, V,: 

The equivalent annual premium is found by observing, 
that as the first payment is made immediately, and x pay-— 
“ments are to be made in all, the value of all the premiums 
after the first is that of a temporary annuity of the same 
amount for »—l years. Denoting therefore the annual 
premium by w, and the value of a temporary annuity for 
n—1 years by A‘), the value of all the premiums is 
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u-uA™ =u(14+)A); and we have consequently 
u(1 pee ae V—v"p, Vins whence 
_ V—w"p,V, 
ot + | A (tn’) * 

63. The following question is of frequent occurrence. 
Required the present value of a sum of money to be receiv- 
ed at the end of the year in which A dies, provided he die 
while B is living. 

Let the sum be L.1, W= its present value, p,= the - 
probability of A living over 2 years, and g,= the probabi- 
lity of B living over x years. The chance of receiving the 
sum at the end of any given year, the wth, depends on two 
contingencies ; 1. A may die in the course of that year, and 
B live over it; 2. A and B may both die in that year, A 
dying first. The probability of A dying in the 2th year 
has been shewn (59) to be p,1—p,3; whence (7) the 
probability of the first contingency is (p,1—p+)q2- The 
probability that A and B will both die in the zth -year is 
(Pp »1—P 2 )(Yz—1— x ); and for so short a period as one year, 
it may be considered an even chance whether A or B will 
die first, whatever be the difference of their ages ; therefore 
the probability in respect of the second contingency is 
4(p2-1—Pz (Y2-1—Y x): Hence the whole probability of 
the sum being received at the end of the zth year, is 
(P2i—P «) Jo + 3(P2i—P2) (Yor—Y2 =3(P21—P z) 
(9r+1+92), which being developed, and multiplied by v’, 
becomes 

qu" (P19 2-1 +P 1~17 a —P 27 2—1—P « Vex ) 
and the sum of all the values of this expression from 
x=1, gives the value of W. 
It has been already shewn (59) that =v*(p,1—pz)= 


v—(1—v)A, where A= the annuity on the life of A. Inlike — 
F 
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2 


manner, if we denote by AB the value of an annuity on the 
joint lives of A and B, we shall have 2v*(p.1921—p*q*) 
=v—(1—v) AB, which is the value of an assurance to be 
paid on the death of the first dying. Assume p’ such that 
P'.=p’ }p2—1, then p’, is evidently the probability that an 
individual A’ one year younger than A, will live over # years 


(53), and 2v*p, 3492 oe Ee 0, = ne A’B; denoting by 
all | dey 


A’B the value of an annuity on the joint lives of A’ and B. 
Again, let q’2= 9’ ,d2—1, then q’, is the probability that 
‘B’, who is one year younger than B, will live over x years, 


and Lv*p*q,4= ee =v"0,.9 «= AB’; denoting by AB’ the 
x 


value of an annuity on the joint lives of A and B’. Collect- 
ing the different terms, we have therefore 


W=3 {r—( 1—v)AB - 2B — AB’ }> whence W 
PY vial 


is easily computed from tables of annuities on joint lives. 

If A and B are both of the same age, the two last terms 
destroy each other, and W is equal to } the value of L.1, to 
be paid on the failure of the joint lives, as it evidently ought 
to be, since there is in this case the same chance of A dy- 
ing before B as of B dying before A. 

The formula gives the value of L.1 in a single payment ; 
the equivalent yearly payment is W divided by 1+-AB, for 
the contract ceases on the failure of the joint lives by the 
death of either. 

It would be easy to extend the formula to the case of an 
assurance to be paid on the contingency of the failure of 
any number of lives during the continuance of any number 
of other lives, or of an assurance to continue only during a> 
stated time ; but as it is not our purpose to give solutions 
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of the various problems of this kind which may occur in 
practice, but merely to shew the manner in which the ge- 
neral principles of the theory are applied to them, we shall 
not pursue the subject farther, but refer the reader to the 
article AnNnurITIEs, and to the standard works of Baily! and 
Milne,” in which it is treated in detail. 


1 The Doctrine of Life Annuities and Assurances analytically inves- 
tigated and practically explained, §c. By Francis Baily. London, 
1813. This werk is now out of print, but a French translation of 
it has recently been published at Paris. 

2 A Treatise on the Valuation of Annuities and Assurances on Lives 
and Survivorships, &c. By Joshua Milne. London, 1815. 
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SECTION VII. 


OF THE APPLICATION OF THE THEORY OF PROBABILITY 
TO TESTIMONY, AND TO THE DECISIONS OF JURIES AND 
TRIBUNALS. 


64. The case of a witness making an assertion may be | 
represented by an urn containing balls of two colours, the 
ratio of the number of one colour to that of the other being 
unknown, but presumed from the result of a number of ex- 
periments, which consist in drawing a ball at random, and 
replacing it in the urn after each trial. A true assertion 
being represented by a ball of one colour, and a false one 
by a ball of the other, it follows from the theorem in (51), 
that if a witness has made m+-v assertions, of which m are 
true and x false, the probability of a future assertion being 
true is Moats ioe aiid that of its being false Bled: BIE Let 

m+n-+ 2 M+-n+-2 - 
the first of these fractions be represented by v, and the se- 
cond by w, then v is the measure of the veracity of the in- 
dividual, or the probability of his speaking the truth, and 
w the opposite probability, since v-+-w=1. In general, the 
existing data are insufficient to enable us to determine the 
numerical values of v and w in this manner ; and therefore 
in applying the formule to particular cases, we must assign 
arbitrary values to these quantities, founded on previous 
knowledge of the moral character of the individual, or on 
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some notions, more or less aan by experience, of the 
relative number of true and false statements made by men 
in general, placed in similar circumstances. 

65. Having assumed v and w, let us suppose a witness to 
testify that an event has taken place, the a priori probabi- 
lity of which is p, and let it be proposed to determine the 
probability of the event after the testimony. In this case 
the event observed (E) is the assertion of the witness, and 
two hypotheses only can be made respecting its cause ; Ist, 
that the event testified really took place; and 2d, that it 
did not. On the first hypothesis the witness has spoken 
the truth, the probability of which is v; and an event has 
eceurred of which the probability is py; therefore (7) the 
probability (P,) of the coincidence is yp. On the second 
hypothesis, the witness has testified falsely, the probability 
of which is w; and the event attested did not happen, the 
probability of which is q; therefore the probability (P,) of 
the coincidence is wg. Hence, by the formula (47) 7,= 
P,--=P,)the probability (#,, of the first hypothesis becomes 

? wq_! 
up + wg Up -+-wq 
The sum of these two probabilities is unit, a condition 
which ought evidently to be fulfilled, since no other hypo- 
thesis can be made, and consequently one or other of the 


, and the probability (#,) of the second - 


two must be true. It is to be observed, that these values 

of w, and a, are the respective probabilities, after the tes- 

timony has been given, that the event attested took place, 

and that it did not. 

wp pe—p—q) 

up -+wq up +g 
1—p)— oa 

= Fit Pano =? Ae rae Js ; but e—w=r—] += 
bs: Wt ry 


Since 7,= , we have w,—p = 


‘ € @&.¢ 


© «4 ‘ 
‘ . * >: 
NE ee ‘ 
.. . * 
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2v—1, therefore «,—p= corr - This fraction being 


positive or negative, according as 2v—l is greater or less 
than unity, or as v is greater or less than 4, it follows that 
if ex}, then «,>~p; that is to say, the probability of the 
event after the testimony is greater than its @ priori proba- 
bility when the veracity of the witness is greater than 4. 
On the contrary, if the veracity of the witness is less than 
4, the effect of the testimony is to render the probability of 
' the event less than its a@ prior? probability. 

66. If the event asserted by the witness be of such a na- 
ture that its occurrence is a prior? extremely improbable, 
so that p is a very small fraction, and g consequently ap- 
proaches nearly to unity, although at the same time the ve- 
racity of the witness be great, and measured by a fraction 
approaching to unity, the value of «, becomes nearly equal 
to pw, (for on this supposition p+ wg+v is nearly equal 
tow). But it is obvious, that however great the improba- 
bility of a witness giving false testimony may be supposed, 
the improbability of a physical event may be any number of 
times greater ; in other words, however small a value may 
be given to w, the value of p may still be any number of 
times smaller ; so that notwithstanding the veracity of the 
witness, the probability of the event after the testimony, 
namely #,=p-—-w may be less than any assignable quan- 
tity. On this principle mankind do not easily give credence 
to a witness asserting a very extraordinary or improbable 
event. The odds against the occurrence of the event may 
be so great, that the testimony of no single witness, how- 
ever respectable his character, would suffice to induce be- 
lief. | 

67. In the case of the character of a witness being alto- 
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gether unknown, we may suppose v to have all possible values 
within certain limits, and to find the value of » , by integrat- 
ing “ogame between those limits. Since a,= 


Sth igen , we have fa,dv= rr, which on substitut- 
ing 1—» and 1— p for w and gq respectively, becomes 


pede 
OE OE the integral of which is 


Pt 5 aie (1-v+ ptr) } +6, 

C being a constant, the value of which will be determined 
from the assumed limits. If o be supposed to vary between 
the limits e—0 and e=1, then 


l—p 

| fa te= rial }— ae bs “ 
and if we assume p=}, we have fa,dx=}(1—4 log.3), 
which, since the logarithm is the Napierian logarithm, and 

Nap. log. 3=1.0986, becomes § x .4507=.676, or nearly 3. 
Whence we see, that on this hypothesis the probability of 
the event is diminished in consequence of the testimony. 

68. The credit due to the testimony of a witness depends 
not merely on his good faith, but also on the probability that 
he is not himself deceived with respect to the event he as- 
serts. The chances of a witness being deceived through 
credulity or ignorance are much more numerous in general 
than the chances of intentional fraud ; and this must be 
the case more particularly when the event is of such a na- 
ture that it may happen in various ways which may be mis- 
taken one for another: as for instance, in the case of a lot- 
tery ticket being drawn, and the witness asserting that it 
bears a particular number, which might with equal proba- 
bility be any other number on the wheel. The following 
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question will illustrate the method of applying the calculus 
when a distinction is made between these sources of error. 

An urn contains s balls, of which a; are marked A,, a, 
marked A,...... a, marked A,. A ball having been drawn 
at random, a witness of the drawing affirms that the ball 
drawn is marked A,,; required the probability of the testi- 


mony being true. 


Here we have sma, +a,44,...... +a,, (m being the 
number of the different indices or sorts of balls) ; so that if 
we make p,=4,-+8, Pyg=Ay+-S.+.06-Pm=A,—S, then py is 


the a priori probability that the ball drawn is of the class 
marked A,, p, the probability that it belongs to the class 
whose index is A,, and soon. It is evident that x diffe- 
rent hypotheses may be made respecting the index of the 
ball which has been drawn, for it may belong to any one of 
the different classes A,, A,...A,. Let the probabilities of 
these hypotheses be respectively w,, w,.--a,, (that is, in re- 
spect of any particular index 7, w, is the probability after the 
assertion that the ball drawn is marked A,); and let the 
probabilities of the assertion on each of these hypotheses be 
respectively P|, P,...P.,, (that is, if the ball drawn be mark- 
ed A, then P, is the probability the witness will assert it 
to be marked A,,). Lastly, let v be the veracity of the wit- 
ness, and uw the probability that he has not been deceived. 
(1.) Let us first consider the hypothesis that the ball drawn 
is marked A,,, and consequently that the assertion is true. 
In order to find P,,, the probability of the assertion being 
made, there are four cases to be considered. Ist, we may 
suppose the witness is not deceived himself (w), and that he 
speaks the truth (v). The probability of the assertion in 
this case is wv. 2d, The witness knows the truth, but in- 
tends to deceive, or testifies falsely. In this case the proba- 
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bility of the assertion being made, on the hypothesis under 
consideration, is 0. 3d, The witness has been deceived him- 
self, but intends tospeak thetruth. In thiscase also the proba- 
bility of the assertion being made is 0. 4th, The witness has 
been deceived himself, and intends to deceive. In this case 
the assertion might be made; and to find the probability of 
its being made we have to consider, that since the witness 
has been deceived, he must have supposed some other index 
than A,, to have been drawn; and since he intends to de- 
ceive, he must assert some other index to be drawn than 
that which he supposes to be drawn. Setting aside, there- 
fore, the index which he supposes to have been drawn, there 
remain 2—1 others, any one of which he is as likely to name 
as any other. The probability, therefore, of his naming A,, 
when he intends to deceive is 1+-(~—1). Hence the pro- 
bability of the assertion in this case is compounded of the 
probabilities of three simple events, as follows: 1. Probabi- 
lity the witness is deceived =(1—z) ; 2. Probability he in- 
tends to deceive =(1—v); 3. Probability he names A,, 
=1.; (n—1). Theprobability of the assertion istherefore in 
this case =(1—w)(1—v)+(n—1). Adding this to the pro- 
bability found in the first case, we have P,,,, the whole pro- 
bability of the assertion being made on the hypothesis that 
the index of the ball drawn was A,,, namely 

| (Iwy(1—v) 


n—l 


P,,=uo+ 


(2.) Let us now consider one of the remaining hypotheses, 
and suppose that the ball actually drawn was marked A, and 
not A,,, as attested by the witness. As before, there are 
four possible cases for consideration. Ist, The witness 
knows the fact and speaks the truth. In this case the as- 
sertion could not be made, or its probability is0. 2d, The 
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witness knows the fact, and intends to deceive. In this case 
the probability of his asserting A,, to be drawn is compound- 
ed of the probability that he is not deceived (w), the proba- 
bility that he testifies falsely (1—v), and the probability that, 
knowing the index A, to be drawn, he selects A,, from among 
the x—1 which remain after rejecting A, (1+(n—1)). The 
probability of the assertion being made in this case is there- 
fore u (1—v)+(n—1). 3d, The witness is deceived, and 
intends to speak the truth. By reasoning as in the last 
case, it is easy to see that the probability of the assertion 
being made in this case is v (1—)-+-(n—1). 4th, The wit- 
ness is deceived, and intends to deceive. The probability 
of the assertion being made in this case will be found by con- 
sidering, that as the witness is himself deceived, he must 
suppose some particular index to be drawn different from A,, 
(which is drawn by hypothesis), for instance A,, the proba- 
bility of which is ]+-(mz—1); and intending to deceive, he 
must fix on some index different from A,, which he sup- 
poses to be drawn; and he announces A,,, the probability 
of which selection is also 1+(n—1). The probability, 
therefore, that the witness supposes A, to be drawn, and 
annnounces A,,, is 1+(m—1)*. But it is evident, that 
whatever can be affirmed with respect to the particular in- 
dex A,, may be affirmed with equal truth of every one of 
the other 2 indexes, excepting A, which is actually drawn, 
(since by hypothesis the witness is deceived), and A,,, which 
he announces, (since by hypothesis he lies). There are 
therefore n—2 different ways in which he may at the same 
time be deceived, and intend to deceive, and announce A,,; 
consequently the probability of this announcement in any of 
these ways is (n—2)--(m—1)”. Multiplying this into the 
probability of his being deceived (1—z), and the probability 
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of his giving false testimony (1—v), the probability of the 


assertion in this case becomes (1-0) saa A Hence 
" (n—1)’ 


the whole probability of the assertion, in all the cases in- 
cluded in the hypothesis that the ball actually drawn was 
marked A,, is 

u(l—v)  (l—w)e | (1—u)(I—v) (n—2) 
ma mee eS tae 

As this expression will evidently be the probability of the 
assertion on any other of the x—1 hypotheses that the ball 
actually drawn was marked with an index different from A,,,, 
the sum of the probabilities of the assertion on all these hy- 
potheses is 2P,, where 7 is successively each of the num- 
bers 1, 2, 3,...%, excepting m. 

We have now to find z,,, the probability of the first hypo- 
thesis. Since the hypotheses, in the present question, are not 
all equally probable a priori, we must have recourse to the 
formula (49)a,=,P,+ 3\,P,, and consequenily in the present 


- case we have 


P= 


Aor a 

2h iT 5 oy 

the sign of summation = including every value of 7 from 
0 to nm, excepting i=m. Now the value of P, being the 
same in respect of each of the hypotheses which suppose 
the assertion untrue, =\,P,=P,;=),; and the sum of all the 
values of A, from i=0 to t=” being 1, on excluding 
Am==Am+-5, we have 2\,=(s—a,,)--s. Substituting this, 
together with the values of P,, and P,, as above found, and 
making u’= 1—w, v'=1—», the formula becomes, after the 


an 


proper reduction, : 
bn {(n—1 aegis # 
nites a so -aeaaleeail adie i vw’ +" ule'}? 
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which is the probability of the hypothesis that a ball mark- 
ed A,, was drawn, or that the testimony is true. 

‘When there are no two balls in the urn having the same 
index, the numbers @,, a,, a,, &c. become each =1, and 
s=n. In this case the formula gives 

(n—1 Juv u'r’ 
(n—l)uw we’ + (n—1) (wo + w’) + (n—2)u’o” 
which, on observing that wv+-u’v-+uv'+u’/r’=1, becomes 
by reduction — 


Tao 


Bau + ems. oe). 


n—l} 


This is the probability of the truth of the testimony of a 
witness, who affirms that the number m is drawn from an 
urn which contains 2 balls, numbered 1, 2, 3...2. It is ob- 
vious, that when u and ware fractions approaching to unity, 
and 7 is a considerable number, the second term becomes 
very small, and may be neglected. The probability then 
becomes simply a,,=wv. 

69. We now proceed to consider the probability of an event 
attested by several witnesses; and first let us suppose the wit- 
nesses to agree in their testimony. The measures of the ve- 
racity of the several witnesses being respectively , v,, v5, 
&c., and the a priort probability of the event being p, we 
have by (58) for its probability after the testimony of the 
first witness, 

a= iP . = 
»p+(I—v, (I—p) 
* In order to find the probability of the event after the se- 
cond witness gives his testimony, we may suppose the a 
priort probability to be changed from p to a, by the testi- 
mony of the first witness, and the same formula gives 
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Vom Oop ; 
= Ea a veep + (1-v,)(1-v, )(1-p) 


Let a third witness now come forward, and give testi- 


mony in favour of the same event. Its probability after his 
testimony will become in like manner 


a= 037%» seat v,0.U;P 
. v,a,+(l—v,)(l—w,) —-v, v,v,pt+(1-v,)(1-v,)(1-v, )(1-p)’ 


In general, let 2, be the probability of an event after it 
has been attested by x witnesses, and let v, be the veracity 
of the last witness, then #,_; being the probability of the 
event after r—1 eyewitnesses have each testified in its fa- 
vour, we have 


UVgerreee U,pP 


"O09 *° =p + (1—v,)(1—+,).. (1—v,)(1—p) 
If we suppose the witnesses all equally credible, or that 


0,=0,=0,...==v2, this becomes 


UzP 1 : 
~ # p+ (1—v)* (2) =) ig 
x P 
Now, if v=4, then (1—v)+v=1, and «,=p; whence 
it appears that the probability of an event is not increased 


by the testimony of any number of witnesses, when the vera- 
city of each is only 4; but when v is greater than 3, the event 
becomes more probable as the number of ae is greater, 
and when v is a considerable fraction, its probability in- 
creases very rapidly with the number of witnesses. 

70. When the values of v and p are given, that of x in 
the last formula may be found so as to render w, of any 
- given value. Hence we may find the number of witnesses 
required to make it an even wager, whether an event ex- 
ceedingly improbable, and in favour of which they give una- 
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nimous testimony, has happened or not. For example, 
let the odds against the event be a million million to one, 


1 


1 
1,000,000,000,001 ~ 101241’ and let v the 


that is, let p= 


veracity ofeach witness bes. In order that wz may equal 4, 


we must have (=) a —-1. Now iw a 1 
bd 4 v 9 


— =10", therefore (3) x 10!®=1; whence x log 5 = 


12 


95494 = 12% 


log iat or x log9=12 and therefore x = 
nearly, so that 13 independent witnesses would suffice to 
render it more probable that the event really took place 
than that it did not. 

This example is given by Mr. Babbage, (Ninth Bridge- 
water Treatise, Note E), with a view to shew the fallacy 
of Hume’s celebrated argument respecting miracles. What 
the example proves is simply this, that if we suppose an urn 
‘to contain a million million of white balls, and only one black 
ball, and that on a ball being drawn at random from the 
urn, thirteen eyewitnesses of the drawing, each of whom 
makes only one false statement in ten, without collusion, 
and independently of each other, affirm to A, who was not 
present at the drawing, that the ball drawn was black, then 
A would have rather a stronger reason for believing than 
for disbelieving the testimony. But it is sufficiently obvious, 
that the event attested in this case, though exceedingly im- 
probable a@ prior?, cannot be regarded as in any way mira- 
culous. Onthecontrary, the black ball might be drawn 
with the same facility, and was a prior? as likely to be drawn, 
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as any other specified ball inthe urn. Let it be granted 
that an event is within the range of fortuitous occurrence, 
and that there exists a single chance in its favour out of 
any number of millions of chances, it may then happen in 
any one trial; nay, a number of trials may be assigned, 
such that its non-occurrence would be many times more im- 
probable than the contrary. 

71. Let us next consider the case of a number of wit- 
nesses contradicting each other. If the first witness an- 
nounces an event of which the probability is p, then the 
probability, after the testimony, of its having happened is 
@,, and the probability that it has not happened 1—a,. Sup- 
pose a second witness now to appear, and testify that the 
event has not happened, and let the probability of the truth 
of his testimony be denoted by a’, ; then 1—z, being the 
probability before his testimony was given that what he as- 
serts is true, and v, being the measure of his veracity, we 


Ve (1—z,) 
%i—a,) + (12, )ay, 


have, as in (69), 2’.= whence, since 


Ee bg) od 
ov ep + (1—e)(1—p) 


(1—»,)v.(1—p) 
(1—2,)v,(l—p) + o,(1—v, )p 


for the measure of the probability that the event has not 
happened. The probability that it has happened is there- 
fore 1—z’,, and accordingly if #’, be less than 4, there 
is a stronger reason for believing that the event happened 
than that it did not. The method of forming the expression 
for the probability of the event, after it has been attested 
or denied by a third witness, or any number of successive wit- 
nesses, is obvious. 


, there results 


, —— 
wo— 
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If we suppose the values of v, and v, to be equal, the ex- 
pression becomes a’ ,=1—p, which is the a priori probabi- 
lity that the event did not happen. It is obvious that this 
must be the case, inasmuch as two contradictory testimonies 
of equal weight neutralize each other. In general, the pro- 
bability of an event which is affirmed by m witnesses, and 
denied by witnesses, all equally credible, is the same as 
that of an event which is affirmed by m—wz witnesses who 
agree in their testimony. 

72. When a relation has been transmitted through a se- 
ries of narrators, of whom the first only has a direct know- 
ledge of the event, and each of the others derives his know- 
ledge from the relation of the preceding, the probability of 
the event is diminished by every succeeding relation In 
order to obtain a general expression for the probability of 
traditionary testimony, we may take the event considered 
in (68), namely the extraction of a ball marked A,, from an 
urn containing s balls, of which a, are marked A,, a, mark- 
ed A,,...a, marked A,,, there being in all » different in- 
dices. Now suppose the relation to have passed through a 
chain of narrators, T, T,, T,,...T,, in number «+1, of 
whom the first only was an eyewitness of the event, each 
of the others receiving his knowledge of it from the one pre- 
ceding him, and communicating it in his turn to the suc- 
ceeding, the question is to determine the probability that a 
ball marked A,, was drawn, after this event has been nar- 
rated by T,, the last witness of the series. 

73. In order to apply the general formula of (68) to this 
case, it is necessary to remark that the event observed is the 
attestation of T, of his having been informed by T,_, that 
the ball drawn from the urn, the drawing of which was seen 
by T, was marked A,, There are x different hypotheses 


DECISIONS OF JURIES AND TRIBUNALS. 113 


respecting the index of the ball actually drawn, but it is 
only necessary to consider two of them, namely, the hypo- 
thesis that the ball actually drawn was marked A,,, and any 
one of the other hypotheses which consist in supposing that 
a ball with a different index from A,, was drawn, for ex- 
ample A, Let the probability of the attestation, on the hy- 
pothesis that the index of the ball drawn was A,,, be denot- 
ed by yz, and its probability on the hypothesis that the in- 
dex was A, by y’,, (y, and y’, corresponding to P,, and 
P, in (68), which express the same probabilities in respect 
of the eyewitness T), then by (68), the probability of the 
hypothesis that A, was drawn is 
AmYx 
Ta Phys 
But since y’, is the same for all the hypotheses that the in- 
dex drawn was different from A,,, A,y’,=y’,ZA, 3 and by 
(68) 2v\—=(s—a,,)-+s, and X,,=4,,-+-s, therefore 
InYe 
One + (8— En) i's 
We have now to find y, and 7’, interms of x. Let 2, v, 
v,, &c. be the respective probabilities of T, T,, T,, &c. 
speaking the truth, then the probability of T, speaking the 
truthis v,,and the probability that he does not 1—v,, whether 
because he is dishonest, and intends to deceive, or because 
he has mistaken the statement of the preceding witness. Now 
there are two ways in which it may happen that A,, is announ- 
ced by T,. First, ifhe speaks the truth, and has been inform- 
ed by the preceding narrator T,_; that A,, was the index 
drawn ; secondly, if he lies, and has been informed by T ,_; 
that a different index from A,, was drawn, Assuming 7,—; 
to have the same signification with respect to T,; that y, 
has been assumed to have with respect to T,, (that is to say, 


am 


OR Rt Og ee en ee Qe ee NL 
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the probability of the assertion being made by T,~; on the 
hypothesis that the ball actually drawn was A,,,), the proba- 
bility of the first of these combinations is v, y,1.. With re- 
spect to the second case, it is to be observed, that if T, an- 
nounces a different index from that which has been announ- 
ced to him by T,—-:, the chance of his annouifcing A,» out 
of n—1 indexes different from that announced by T,—1 is 
1-+-(n—1); and on multiplying this by the probability 
1—, that the testimony of T, is false, and by the probability 
]—y,_; that T,_; has announced a different index from A,,, 
we have, for the probability of the second combination 
(1-v, )(A1—y,1) +(~—1). The whole probability of T, tes- 
tifying that A,, was drawn, is therefore, on the first hypo 
thesis, given by the equation, 
Yo=Viy21+ (1—v,) (1—yz) :-("—1). 
This is an equation of finite differences of the first order, 
the complete integral of which is 
1 | C(my,—1)(nv,—1)...(mvz21—1) (nv, —1)! 
oe (n—1)* 


In order to determine the arbitrary constant C, it is to be ob- 


served, that, since 7, Yo++-Yes aS Well as v1, Vz...Uz apply to 
the narrators T,, T,...T, respectively, if we suppose x=o 
the resulting value of the integral will be the probability 
that A,, was announced by the eyewitness T, on the hy- 
pothesis that A,, was actually drawn. Let this probability 
be P» 3 then the equation becomes P,,= C+ 1-2 whence 
C=(nP,,—1)+x. If, therefore, we make. 
x 1) (mv 1). (29-1 (M1) 
(n—1)" 


1 This is easily verified; for on changing x into z—l1 in the in- 
tegral, and forming the expression vz yz—1 + (l—vz) (l—y2—1)+ 
(n—1), there results an identical equation. 
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we obtain, on the first hypothesis, for any value of a, 
Y,= {+ (27P,»—})X}+n 

In the same manner we find the probability y’, of the 
testimony given by T,, on the hypothesis that the ball ‘ac- 
tually drawn was A,. The probability of the event, after 
being testified by the eyewitness, being on this hypothesis 
P,, we have, 

Y= (i+ (“P—1)X} +2. 

Substituting these values of y, and y’, in the expression 
above found for z,,, we obtain for the probability of the event 
observed by T, and narrated by T,, the narration having 
passed from one to another in the manner supposed, 

i, ey a Ps =) xe 
Fm am LE (Pp —1)X} +(S—Om) {1 + (@P—1)Xq 


ree | 1—»v, ‘ : 
=e i: and since v, is always less 
m— 


than unity, and 2 always greater than unity, each of the 


74. Since 


terms of the series represented by X, whether positive or 
negative, is a proper fraction, whence the value of X be- 
comes smaller and smaller as 2 increases. Suppose a in- 
finite, then X=0, and z,,=a,,-+-s, which is the a priori pro- — 
bability of the event. Hence we see that the probability of 
an event transmitted through a series of traditionary evi- 
dence becomes weaker at every step, and ultimately equal 
to the simple probability of the event, independent of any 
testimony. . 

75. When the urn is supposed to contain only ~ balls, 
each having a different index, the expression for w,, is great- 
ly simplified ; for, in this case, a,,==1,s=7; therefore, (since 
Pn+(2—1)P,=1) the denominator becomes”, and we have 


consequently w,,= {1 +(#P,,—1)X}+2, which coincides 
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with the value of y, found above, that is to say, with the 
probability of the event being testified by T, on the hypo- 
thesis that it actually happened. Laplace, in solving this 
particular case of the problem, (p. 456) assumes that the 
probabilities here denoted by y, and a,, are identical. They 

- are, however, as is evident from the above analysis, quite 
distinct in their nature, and their values are only equal in the 
particular case in which s—a,, is to a,, in the ratio of m—1 
tol. (Poisson, p. 112.) 

76. The question of determining the probability that the 
verdict of a jury is correct, is precisely analogous to that of 
finding the probability of an event attested by one or more 
witnesses. Let us first take the case ofa single juror, and 
assume u= the probability that the juror gives a cor- 
rect verdict, (that is, correct in respect of the facts), and 
p= the probability that the accused is guilty before being 
put on his trial. Suppose the verdict guilty to be return- 
ed; two hypotheses may be made respecting the cause of 
the verdict, first, that the accused is guilty; secondly, that 
he is innocent. On the first hypothesis, the accused will 
be condemned if the juror gives a right verdict, the probabi- 
lity of which is wu On the second hypothesis, the accused 
will be condemned if the juror gives a wrong verdict, the 
probability of which is 1—w. But the a priori probabili- 

— ties of these causes (the guilt or innocence of the accused) 
being respectively p and 1—p, we have by (49) 
ee up Be ee Nees Saeed AT 
up-+(l—u)(l—py  * up-+(1—u)(1—p) 
zw, being the probability of the first hypothesis, or the pro- 
bability that the accused is guilty after the verdict has been 
given, and a, the probability resulting from the verdict that 


the accused is innacent. 


a a ee ee ee ee ee ee ee ee ee eee 
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77. Suppose the verdict not guilty to be given, and let 
a’, and aw’, be the probabilities after the verdict of the two 
hypotheses. On the first hypothesis, namely, that the ac- 
cused is guilty, this verdict will be given if the juror gives 
a wrong verdict, of which the probability is 1—w; and on 
the second hypothesis, the verdict will be given if the juror 
gives aright verdict, of which the probability is u ; and the 
probabilities of these hypotheses before the verdict being 
respectively p and 1—p as before, we have 
w= (1—x)p ; a’ = u(1—p) , 

(l—w)p +u(1—p) (1—t) p+ u(1—p) 
From the above value of #,, we obtain #7, —p = 
pl—p)(2u—1) 
up + (1—w)(1—p) 
according as wu is greater or less than . Hence it appears 
that the guilt of the accused is only rendered more probable 


; a fraction which is positive or negative 


by the verdict guilty being pronounced, when the probabi- 
lity that the juror gives a correct verdict is greater than 3. 
In like manner it is shewn that a’; (the presumption of the 
guilt of the accused after a verdict of acquittal), is greater 
than p when w is less than 4. 

78. The a priori probability of the condemnation of the 
accused before he is put on his trial is wp-+-(1—wu)(1—p) ; 
for there are two ways in which this condemnation may 
take place ; first, if the accused be guilty, and the juror give 
a correct verdict, the probability of which concurrence is 
up 3 atid, secondly, if the accused be innocent, and the ju- 
ror give a wrong verdict, the probability of which is (l—z) 
(1—p). Therefore, making ¢c = the probability of a ver- 
dict of condemnation, we have cmup-+-(1—u)(1—p) ; and 
for a verdict of acquittal, 1—c=(1—w)p+4-u(1—). 

79. Let us next suppose that after the verdict of the first 
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juror has been pronounced, the accused is put onhis trial be- 
fore a second juror, and let u, be the probability the second 
juror gives a correct verdict, and ¢, be the probability the ac- 
cused will be pronounced guilty by him. After the verdict 
guilty has been pronounced by the first juror, the probabi- 
lity of the guilt of the accused is #,, and it is evident that 
ce, will be found by substituting w. for uv, and a, for p in 
the above value of c, whence ¢,=u,a, -+4+(1—u,)(1—=,, ). 
The probability of a verdict of condemnation by both ju- 
rors is ce, ; therefore, (observing that a ,=wp-+-c), we have 
for this probability 
co, =untgp-+(1—u)(1—u, (1p). 

The probability of the guilt of the accused after a verdict 
of acquittal has been pronounced by the first juror being a’ ;, 
the probability of a verdict of acquittal being given by the 
second juror is 1_—e, =(1—u,)a’ , 4-u,(1—w’,) ; therefore, 
(observing that w’ , =(1—u)p+(1—c), we have for the pro- 
bability of a verdict of acquittal by both jurors 

(1—c)(1—e,)=(1—u) (1—u, )p + uu, (1—p). 
Adding the probability of a verdict of condemnation by both 
jurors, to that of acquittal by both, we have wu, +4+-(1—w) 
(1—w,) for the probability of both giving the same verdict. 
Thisresult is independent of p, and is evidently true a priori, 
inasmuch as there are two ways in which the same verdict 
may be given, namely, when both jurors are right, and when 
both are wrong. 

The probability of acquittal by the second juror, after a 
verdict of guilty by the first, is 1—e,=(1l—u,)a, 4 
w,(1—a#,); multiplying by ¢, and substituting for ¢ and 
zw, their values, we have for the probability of a verdict of 
guilty by the first, and not guilty by the second, 


e(1—e,)=u(1—w, p+ (1—u)u.(1—p). 
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In like manner, if the accused has been acquitted by the 
first juror, the presumption of his guilt becomes #’ ,, and the 
probability of a verdict guilty by the second is ¢,=u,a’,; 
+(1—u,)(1—#’,); therefore the probability of a verdict 
of not guilty by the first, and of guilty by the second is 
(l—c)e,=(1—u)u .p + u(1—w, )(1—p). 

The sum of these two expressions gives for the probability 
of a discordant verdict, u(1—w,) + (1—u)u,. 

80. If we now suppose u=u,, and make 1—u=w, the 
probability that the two jurors will agree in their verdict, 
whether they are both right or both wrong, is u?+4-w? ; and 
- the probability of a discordant verdict uw+-uw=2uw. The 
sum of the two expressions is vu? + 2uw+-w?=(u+w)? ; and 
therefore the probabilities of the different cases are respec- 
tively given by the developement of the binomial (w+-w)?. 

By pursuing this reasoning, it is easy to see that if there 
be any number / whatever of jurors, or voters on any ques- 
tion which admits only of simple affirmation or negation, all 
being supposed to possess the same integrity and know- 
ledge, so that there is the same probability wu of a correct 
decision in respect of each, the probablities of the different 
cases are found by the development of the binomial (u4-w)*. 
The probability of a correct verdict being pronounced una- 
nimously is w*; of an erroneous one being pronounced una- 
nimously is w*; and the probability that a correct verdict 
will be given by m of the jurors, and an erroneous one by 

Ey. Brive ek 
1.2.3..mX%1.2.3...0° 
81. The probability that the accused will be pronounced 


nm, is Uu"w", where U = 


guilty by m jurors, and acquitted by x, on the supposition 
that the value of w is the same for each juror, is thus found. 
There are two ways in which this event may take place; 
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Ist, if the accused be guilty (the probability of which is p), 
and m jurors decide correctly, and 2 wrongly (the probabi- 
lity of which is Uw"w") ; the probability of the condemna- 
tion taking place in this way is therefore Uw"w"p. 2d, If 
the accused be innocent (the probability of which is g) and 
n jurors decide rightly, and m wrongly (the probability of 
which is Uw"w”™); the probability of the event taking place . 
in this way is therefore Uu"w"g. Let G therefore denote 
the whole probability of the verdict, and we have 
G=U(u"w"p 4+u"w"g). 

Hence the probability that the accused will be condemned 
unanimously by a jury consisting of / jurors is u*p+w'g ; 
and the probability that he will be unanimously acquitted 
u'q+w'p. 

82. Suppose the accused to have been pronounced guilty 
by m jurors, and not guilty by 2 jurors, the probability of 
the verdict of the majority being correct is found from the 
formula in (49). Two hypotheses may be made: 1st, the 
accused is guilty ; 2d, he isinnocent. The probability P, 
of the observed event (the condemnation by m, and acquit- 
tal by 2 jurors) on the first hypothesis is Uwe"; and the 
a priori probabilities of the two hypotheses (or the proba- 
bilities denoted by A, and A, in (49), being p and gq; there- 
fore if 2, denote the probability of the verdict being cor- 
rect, that is, the probability of the first hypothesis after the 
verdict has been pronounced, and a, the probability of its 
being wrong, we shall have (49) 

uw" uw” 
FD re 8 OD — 


If the verdict has been pronounced unanimously, then 
mzzh and n=0, and the formule become 


DECISIONS OF JURIES AND TRIBUNALS. 121 


2 VP ee 
upp me ppg 


If p=q=4, and m—n=z, we have then ' 
uri u' 


21 tig urwrti =: u' wt 


But this is the probability of a verdict being correct which 
has been pronounced unanimously by 7 jurors ; whence it 
follows that the probability of a decision rendered by a given 
majority being correct, is the same as that of a decision ren- 
dered unanimously by ajury equal in number to the differ- 
ence between the majority and minority, and is therefore 
independent of the total number of jurors. This, however, 
is only true on the supposition that the value of « is known 
a prior? ; for if u be not absolutely known, the weight of the 
verdict depends on the ratio of the majority to the whole num- 
ber of jurors. This is in accordance with common notions, 
for it will readily be admitted that a verdict given unani- 
mously by a jury of 10 will be entitled to much more weight 
than one pronounced by a jury consisting of a large num- 
ber, as 100, in which 55 are of one opinion, and 45 of the 
opposite. In this case, the opinion of the minority throws 
great doubt on the correctness of the verdict. It is to be 
observed, however, that the probability of a verdict being 
given by a small majority becomes less and less as the num- 

ber of jurors is increased. 
83. When the number who dissent from the opinion of 
the majority is unknown, and we merely know that the ma- 
‘jority exceeds the minority by a¢ /eas¢ ¢ jurors, the proba- 
bility of the verdict being correct is found as follows. Sup- 
pose the verdict to be guilty. On the hypothesis that it is 
correct, the probability of the accused being found guilty 
by A—a, and not guilty by x jurors, is by the formula in (80), 

G 
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Uu'—"w"*. Now, ifwe give a successively all the values 
0, 1, 2,...2, where »=4(h—7), and assume U, to denote the 
value of U when a0, U, its value when a1, and so on ; 
and also make W=the probability of the accused being 
pronounced guilty by h—n at least, we shall have 


WU. + U w+ U oP”... fe Uo". 


In like manner, if W’ denote the probability of a verdict 
guilty by A—m jurors at least, on the hypothesis that the 
accused is not guilty, we shall have, ; 

W’= Uw? + U ww 44. U ou? eo? Ue? ; 
whence, p and g being as above the a priori probabilities 
of the two hypotheses, the probability that the verdict guilty 
is correct, when pronounced by h—x jurors at least, becomes 
Wp--(Wp-+W’¢-) 

84. It is evident that no application can be made of these 
formulz without assigning arbitrary values to u and p, un- 
less, indeed, we have data for determining their mean values 
from experience. ‘With respect to p, we may assume, for 
the sake of shewing the general consequences of the formu- 
lee, its value to be 4 ; for it cannot well be supposed less than 
4, or that a person brought before a jury is more likely to be 
innocent than guilty; and if it much exceeds 4 and ap- 
proaches to unity, a verdict of guilty may be expected from 
any jury, however constituted. When a mean value of x 
cannot be determined from experience, the only way of ob- 
taining numerical results, is to suppose « to have all possible 
values within given limits, and to integrate the equations 
between those limits. As it seems unreasonable to suppose 
that a juror is more likely to give a wrong verdict than a 
right one, we may assume that « cannot be less than 4. 
Suppose, then, that u increases by infinitely small increments 
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from u=4} to u=1, and let it be proposed to determine the 
probability that a decision is correct when the accused has — 
been pronounced guilty by m jurors, and not guilty by x. 
Here an infinite number of hypotheses may be made re- 
specting the value of uw, and we must therefore have recourse 
to the formule in (51.) Let w= be one of those hypo- 
theses, P,= the probability on that hypothesis of the event 
observed (that is, of the accused being pronounced guilty 
by m, and not guilty by ” jurors,) w= the probability of 
the assumed hypothesis, and 11 = the mean probability of 
the correctness of the verdict from all the hypotheses. By 
the formule in (81) we have 
Po=U fa™(1—a2ytp 0"(1—2)" (1p), 
and as all the hypotheses are supposed equally probable, 
we have (45) a,=P,+=P; But between the proposed 
limits £P,=p f'a(1—a)"da + (l—p) f)2" (l—zx)"dz ; 
if, therefore, we make p=4, we shall have by reason of 
fpr —e)"de= fp em —a)"dx, =P, = 3 Siem l—e)dz; 
and therefore | 
a (ayn 2" 1— 2) 
four l—w)rda ; 
for the probability of the hypothesis. But (82) the proba- 
bility on this hypothesis of the accused being guilty, is 
x” (1|—a«)” 
2”(1—x)"+2"(l—a«)” 
ity of the hypothesis, #,, we obtain for the probability of 
the verdict being correct 2”(1—a)"+ -f,\%" (1—2x) "da ; 
and, therefore, for the probability of the verdict being cor- 
rect on all the hypotheses from =} to a=], 


Sram —a)rda 
- feiam(1—a) da 


; multiplying this by the probabil- 
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Hence the probability that a verdict given by a majority 
m out of m-+-n=h jurors is wrong, is 
a fixn(1—a)'dr 
~ fea (1—a)rde’ 
which, on effecting the integrations by the formula in (51) 


Il—n 


becomes after reduction 
1 hl (A+1)A . (h41)A(A—1 
It | ve + +5 oo +! ara eh Dk , 
EH Saks 322 os anciat tae Dy I! \ 
1°). Be AD. enysoraard eases R.. 
Assuming / (the number of jurors) ==12, and making 2 
_ successively 0, 1, 2, 3, 4, 5, the series gives 
1 14 92 378 1093 2380 
8192’ 8192’ 8192’ 8192’ 8192’ 8192’ 
for the respective probabilities of the error of a verdict when 
pronounced unanimously by 12 jurors, by a majority of 11 
' to 1, of 10 to 2, of 9 to 3, of 8 to 4, andof 7 to 5. Inthe 
last case the probability of the error is nearly =#. 

85. From these results it appears that the chance of a 
verdict being wrong which has been pronounced unanimous- 
ly by twelve jurors is very small; but it is to be remarked, 
that they have been deduced on the supposition that the 
unanimity proceeds from agreement in the same opinion, and 
that the jurors are unbiassed by each other. In this country, 
where unanimity is compelled by law, the mean probability 
of a correct verdict can scarcely be considered as greater than 
that of a verdict pronounced by a simple majority; for, 
though in most cases the verdict may be supposed to repre- 
sent the opinion of a larger majority than seven, it may 
happen, not unfrequently, that a smaller number than five, 
possessing greater energy or perseverance, may persuade the 
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others into a surrender of their judgment. In fact, unless 
the presumption of the guilt of the accused be very great, 
it would scarcely be possible, without concert, to procure an 
unanimous verdict in any case. It is also to be observed, 
that the assumption of all values of w from }to 1 being equal- 
ly probable, may lead to results widely different from the 
truth. The mean value of uw, which depends on the general 
intelligence of the class of persons from amongst whom the 
lists of jurors are made up, can only be rightly determined 
from data furnished by experience. One of the elements, 
however, which require to be known for this purpose, is the 
number of jurors who concur in, and dissent from, the verdict. 
The forced unanimity ofthe law renders it impossible to obtain 
this element from the records of the English courts; but in 
France and Belgium, where the majority and minority are 
known and recorded, the same obstacle does not exist, and 
the “ Comptes Généraux de l Administration de ta Justice 
Criminelle,” published by the French Government, have 
enabled Poisson to deduce mean values of u and p for that 
country, and consequently to obtain the necessary data for 
one of the most interesting applications of the theory of 
Probabilities. The general results were as follows : During 
the six years from 1825 to 1830 inclusive, the system of cri- 
minal legislation in France underwent no change ; the jury 
consisted of 12, and a simple majority was only required to 
concur, though when it happened that the majority was the 
least possible, the Court had power to overrule the verdict. 
On comparing, according to the rules of the theory, the ver- 
dicts given in the cases tried before the criminal courts 
during those six years, it was found that for the whole of 
France, the probability (w) of a juror giving a correct 
verdict was a little greater than 2 with respect to crimes 
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against the person, and nearly equal to +3 with respect to 
crimes against property ; without distinction of the species 
of crime, it was found to be a very little below 3. The other 
element, the probability (p) of the guilt of the accused be- 
fore the trial, was found not much to exceed 4 (being be- 
tween 0.53 and 0.54) with respect to crimes against the 
person, while it a little exceeded 2 in respect of crimes 
against property. Without distinction of crime, its value 
was very nearly 0.64. 

86. On substituting these values of w and p (namely 
u== 3, p=.64, whence w=}, g=.36) in the formula in (81), 
and making m=7, n=5, and consequently 

138.5% 12 2 
RV Ce ee i 

(37 X .644-3° x .36)=.07 nearly. Hence it may be ex- 
pected, that in a hundred trials it will happen only seven 


U= 


times that the accused will be pronounced guilty by the 
smallest possible majority. If m=12, and m=0, we shall 
have up 4-w"g=.02027=, nearly, for the probability of 
an unanimous verdict of guilty, and u*g+-w*p=.0114 for 
the probability of an unanimous verdict of not guilty. 

Making the same substitutions in the formula in (82), we 
have for the probability of a verdict guilty being correct, 
from which 5 jurors out of 12 dissent, 7;=+$ ; anda,=+4 
for the probability of its being wrong. 

Substituting the same values in the series represented by 
W and W’ in (83), and supposing 2 to have all values 


7 
from n=0 to n=5, there results W= rid x 7254, W’= 


412 
; Wp _ 126915984 118 
qm % 239122, whence Wp+Wg — 127992033 ~ 119 


nearly. This is the probability that a verdict guilty, pro- 
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nounced by a majority of seven against five atleast, is correct. 
The probability of the same verdict being wrong, is there- 
fore =}, ; so that out of 119 verdicts, respecting which we 
know nothing else, than that seven at least of the jury con- 
curred in finding the accused guilty, we may expect one to 
be wrong, or that one person out of 119 so condemned will © 


be innocent. 
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SECTION VIII. 


"OF THE SOLUTION OF QUESTIONS INVOLVING LARGE 
NUMBERS. 


87. The probabilities of the different compound events 
which can result from the combination of any number of 
simple events, Ej, E,, E,, &c. being (13) measured respec- 
tively by the several terms of the developement of the mul- 
tinomial (p+q-+7-+ &c.)’, the most probable of those com-. 
pound events will be that which corresponds to the term 
having the greatest numerical value. Let us consider the 
case of two simple contrary events E and F, the proba- 
bilities of which are respectively p and qg, and suppose the 
number of occurrences to be 4. Neglecting the order of 
occurrence, the different combinations, with their respec- 
tive probabilities, are the following : 

EEEE, EEEF, EEFF, EFFF, FFFF, 
£7, - 4p°¢,  Gp*g?, apg’, 2 te 
Now it is evident that the numerical values of these proba- 
bilities depend on the ratio of p to qg, as well as on the co- 
efficient by which they are multiplied, and that values may 
be given to p and gq, such that any one of the terms may be 
made the greatest or the least in the series. If we suppose 
p=q, and consequently p=3, g=4, (since p+q=1) the 
probabilities of the different cases become respectively 


\to ie te io Tes 
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whence it appears, that the most probable combination is 
that which corresponds to 6p?g?, or in which each of the 
simple events occurs twice, the probability of this combina- 
tion being ;°;, while that of either of the simple events ac- 
curring four times in succession is only +. 

When the number of trials is 5, the probabilities of the 
several cases are respectively 

ip’, Sptq, 10p?q?, 10p?q*, Spq*, 9°, 
which, when p=q, become 
3p sp 3h 5h sy sip 

- so that there are two different combinations equally pro- 
bable, namely, that in which E occurs three times and F 
twice, and that in which E occurs twice and F three times ; 
and of the six possible combinations these two are the most 
probable, having in their favour a number of chances twice 
as great as the two cases in which one of the events occurs 
only once, and the other four times, and ten times greater 
than the two cases in which either of the simple events oc- 
curs in each of the five trials. 

From these two instances it may be inferred in general, 
that when / is an even number, the most probable com- 
pound event is that of which the probability is represented 
by the middle term of the developement of (p+q)"; and 
that when / is an odd number, there are two compound 
events equally probable, and more probable than any other, 
namely, those corresponding to the terms which occupy the 
middle of the series, supposing in both cases p=q. This 
supposition gives (p+q)"=(1+1)"($)’; therefore in the 
case in which / is an even number, the general expression 
for the greatest term is 

Wh—1)(h—2). ee eer 
Pe 2.3. seeess GMs 
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and when h is odd, the general expression for either of the 
two equal terms, which are greater than any of the other 
terms, is 

h(h—1)(h—2)...... {2—4(A+1)41} (ay 

L233 SE: 1(h+1) wes 

88. When p and q are unequal, the greatest term of the 
expansion of (p+q)" will not occupy the middle of the 
series, but its place may be found by comparing two con- 
secutive terms. Leth=m+n. The general term of the 
series then becomes 


} 


SES h ie 3 
La S.c0mx4 205. 2 
and the term immediately preceding is 
ba@QiGn. h Sen. 
a ee eee Coe be ee re ee es DS 


Dividing the first ‘of these by the second, we get for the 
quotient (m-+ 1)g--mp, which, therefore, is the ratio of two 
consecutive terms taken at any part of the series. If this 
ratio be greater than 1, the term which has been taken 
as the dividend is greater than the preceding one which 
has been taken as the divisor; and it is evident that the 
terms must go on increasing, from the beginning of the se~ 
ries, so long as the ratio in question is greater than 1. But 
if the ratio be less than 1, the preceding term is greater than 
the succeeding, and the terms will become less and less as 
they are nearer the end of the series. Let (m+-1)q+-mp=1; 
then, since p-+q=1, and m+n=hA, we have n=(h+1)q, 
and consequently the ratio of any term to the next preced- 
ing is greater or less than 1 according as zm is less or 
greater than (A-++-1)g. Now 2 is necessarily a whole num- 
ber ; thereforeif (4+ 1)qbeawhole number, taken=(h-+ 1)q, 
and the two terms of the series given by the expansion 
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of (p-+-q)", in which the exponents of q are »—1 and a, will 
be equal to each other, and each greater than any other 
term of the series. But if (2+-1)q be not a whole number, 
let (h4-1)q—w be the nearest whole number dess than 
(h+4-1)g, and make n=(h +1)q—w; then the greatest term 
of the developement will be that in which the exponent of 
q iS 2. : 

Sincen=(h-+-1)q-a,we have gq=(n-4+x)-+-(h +1), whence 
p=l— ae = rae and therefore - a ers 
Now 2 is by hypothesis less than 1, therefore if m and x 


are large numbers, we have, very nearly, g: p=: m; or, 
since m-+-n=h, m=hp, n=hq. It follows therefore, that 
the greatest term of the developement of the binomial 
(p+ q)’ is that in which the exponents of p and gq are to each 
other in the ratio of p to q, or more nearly in that ratio 
than are any other two numbers whose sum is #. In other 
words, the most probable combination of two simple events, 
E and F, in any number of trials, is that in which the num- 
ber of occurrences of E is to the number of occurrences of 
F in the ratio of their respective probabilities. 

89. In the same manner it may be shewn, that when 
there are more than two simple events, of which one must 
occur in every trial, the most probable result of any number 
of trials is that combination in which the number of repe- 
titions of each simple event is in proportion to its probabi- 
lity in a single trial. Thus, the probabilities of the simple 
events being respectively p, q, 7, &c. the most probable com- 
pound event is that whose probability is expressed by,that 
term of the expansion of (p-+q+7r-+-&c.)’, which has for 
its argument p”’, q”™, 7”, &c. 

90. Having determined the form of the greatest term of 
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the series, we have next to find a method of approximating 
to its numerical value ; for its coefficient containing the pro- 
duct of the natural numbers from 1 to / inclusive, its di- 
rect calculation becomes impracticable even when h is only 
a moderately large number. The theorem which gives the 
approximate value of this product is known by the name of 
Stirling's Theorem, having been discovered by that mathe- 
matician. As its investigation is a matter of pure analysis, 
we shall not stop to give it here, but refer the reader to the 
Treatise on Differences and Series, by Sir John Herschel, 
in the translation of Lacroix’s Elementary Treatise on the 
Differential and Integral Calculus, p.568.1_ The theorem 
is as follows: Let x be any number, then 


1.2. 3......0mate,/Ira(1+ uss a — + &c.) 
where e is the number of which the Napierean logarithm 
is unit, or the number 2°71828, and =z the ratio of the cir- 
cumference of a circle to the diameter, or 3°14159. 

When 2 is a large number, the term divided by 122 be- 
comes very small, and the series within the brackets may be 
considered as equal to unity. In this case, then, the for- 
mula becomes 

1.2.3......0ma%e",/Qna, 
which gives a sufficient approximation in most cases. If, 
for example, z==1000, the result will be within a 12000th 
part of the truth. 

Now, let E and F be two events of such a nature that the 
one or the other must happen in every trial ; let p and gq be 
their respective probabilities, and P the probability that in 


. Stirling’s investigation of the theorem, or rather of its equivalent, 
to find the sum of the logarithms of a series of numbers in arithme- 
tical progression, is given in his Methodus Differentialis, p. 135. 
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m+.n=h trials, E will happen m times and F 7 times ; then 
by (12) we have 


a SOE OAS h 
SEL Oe Oe oy ee 6 1 


When m, n, and f are large numbers, the value of this 


coefficient may be computed from the above formula, which 


gives 
1.2.3......A=hte*)/ Ith, 
ee ee ee smn Be 
1.2.3......u=n"e—"s/ Den, 
whence 


hhe-* Sh hp\™ pha” h 
= spagapaitw HIST) i Ha (*) (F) a Qrmn 

This expression represents any term of the series(p-+q)’. 
The greatest term, which corresponds to the most probable 
result, is (88) that in which m and n are to each other in 
the ratio of p to g, or when m=hp, and n=/q. Let the 
greatest term therefore be denoted by P,,, that is to say, let 
P, be the chance of the most probable result of / trials, and 
we shall have 

P= (h--2nmn), or Pp=/(1-+-2hpaq). 
‘This last formula shews that the absolute probability of that 
combination which has the greatest number of chances in 
its favour becomes less and less as the number of trials is 
increased ; for the fraction 1+h, to the square root of 
which the probability is proportional, diminishes as / is ir- 
creased. 

91. As an example, suppose a shilling to be tossed 100 
times insuccession. In this case p=q=3, hp=50, hg=50, 
and the most probable result of the trials is 50 times head 
and 50 times tail. We have then A=100,:m=50, and 
WV (h--2xmn) =1--4/(50z) for the measure of the probabi- 
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lity that the event will happen in this way exactly. On cal- 
culation, this is found =.07979 ; whence it appears, that 
although 50 heads and 50 tails is a more probable result of 
100 trials than any other combination which can be named, 
its absolute probability is measured by a very small fraction. 
The probability of the contrary event, or that there will not 
be thrown 50 heads and 50 tails exactly, is1 —.07979=.92021, 
so that the odds against the event are about 92 to 8, or 23 
to 2. Had the number of trials been 1000, the probability 
of 500 times head and 500 times tail exactly, though more 
likely to occur than any other combination, would have been 
found 1--/ (5002); that is to say, /10 times, or rather more 
than 3 times less than in the former case. In general, when 
the chances in favour of the simple events are equal, the pro- 
bability of the combination which is more likely to happen 
than any other, is inversely proportional to the square root of 
the number of trials. 

92. The formule in (90) enable us also to determine the 
ratio of the greatest term of the developement of (p+-q)" 
to any other term of the series, and consequently the rela- 
tion of the probabilities of the different compound events. 
Let m:n:: p:q, whence m=Ap and n=hq, and let P, de- 
note the probability that in / trials the event E will occur 
(m—zw) times, and the event F (74-2) times, the probabi- 
lities of the simple events E and F being respectively p and 
gq: By (13) we have 


r 


aoe M—2 yn+-r 
© 1125.1 Md) Kip Rede er? 
which by (90) becomes 

hhe—hay (2xh) 


P.= essere each 
(m—x)M=—%e—(m—2) 4/ Qar(m—a)x (N+ 2)" tE-(N+2) 4/ 2a (n+x) 


x p™—*q" t+ ; whence, substituting mA for p, and +h 
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for g, and leaving out the factors common to the numera- 
tor and denominator, we find, 


h 2 
pg — id (5) (m—x)—™t*—3 (n + FD ampere: mmr nt, 


Now log (m—ax)—"+?—3= (—m -4x%—4) log (m—zx) ; and 
: 7 


x 
G2 pues |. 


log (m—2x)= log m— chen 


therefore log (m—a)—™t* 3 = 
# 
(—m + x—4) log m—(—m +x—t) (<. + om? 4+ we.) 


whence, neglecting terms divided by m?, m°, &c., m being 
supposed to be a large number in comparison with a, 


ce x 
log (m—a)-"+?-4-=(—m 4-24) logm-+2— > +573 


therefore, on passing to numbers, 
x2 x 
(m—a)—™ 2-4 =m—™ F294 X EF 2m K € Bm 5 
Bad i 2 
° 2m 
r = 1+ — 4+ 55 He. 
or, since e fe a | 


xr 
m—x)—-te-b = m—te—e git ee 
(m—x) i 7a ) 


In like manner, by changing m into , and x into —2, 


we get 


ete (2...) 
(n4+x)—™ n e om 

Multiplying the first of these two expressions by m”—*, 
and the second by n”+*, we have ~ 


22 
(m—x)—™t*—3 x mn—* —m-le 2m (1 a i) 
22 


ates a 
(n+ 2) +2—-3 K n®+* =n—he (i=...) 
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whence, substituting these values in that of P,, and ne- 
glecting the quantity divided by mn, 
h Poa h hat 
pa Ait we rme fgh ed. 


2rmn 2amn 


The term of the series (p+q)" which corresponds to this 
value of P, is that which is a places to the right of the 
greatest term; and it has been shewn, (90), that the great- 
est term has for its expression /(h+-2z7mm) ; therefore the 
greatest term being denoted, as before, by P,, and the term 
which comes after it a places by P,, we have 

P,=P em h2? 22mn, 
that is to say, the probability the event E will happen m 
times and fail 2 times in m + x trials, is to the probability 
of its happening (m—2) times and failing (7-4-2) times in 
the ratio of 1 to e~%*?+2mn, . ri 

Since the numbers m and enter symmetrically into the 
expression e—/*+2mn, it is evident that the result would 
have been the same if, instead of seeking the ratio of the 
greatest term to that which succeeds it by 2 places, we had 
sought the ratio of the greatest term to that which precedes 
it by 2 places. Hence if the most probable result of m-++-2 
trials be that E will happen m times and fail 2 times, the 
probability that it will happen m—z times and fail x42 
times is the same as the probability that it will happen m+ x 
times and fail m—zw times. ize. 

The following example will suffice to shew the applica- 
tion of the formula: A die is thrown 6000 times, required 
the probability that the number of aces turned up will be 
exactly 960? 

Here p, the chance of throwing ace, is §, g=§, and 
h=6000; whence m=Ap=1000, and n=hg=5000. We 
have first to find P,, the chance of the most probable result, 
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or of 1000 aces. By (90), P,=W(h+-2mamn) ; whence, 
substituting the above values, P,=W73 + 7 (5000 x 3.14159). 
On performing the operation indicated by the logarithmic 
tables, we get log P,=8.14050, whence P,=.0138. 

The calculation of e—***2™" is as follows: Assume 
CP=hx?—2mn. We have «=1000—960—40. 


log 40=1.60206 
y) 


3.20412 
log A= log 6000=3.77815 


log hx? =6.98227 
log 2mz= log 10,000,000=7 


log ¢?=9.98227 
log e=.43429, log .43429=9.63778 


log (#2 X 43429 )=9.62005 
#? x .43429—2? log ex 41692 
—2t? log e=9.58308 

add log P,=8.14050 


- log P,=7.72358 
therefore P,==.0053, which is the chance of 960 aces ex- 
actly. The odds against this event are therefore 9947 to 
53, or nearly 188 to 1. 

93. When h, m, and 7 are large numbers, and z is small, 
the exponential e—#** 2” differs little from unity, and it de- 
creases slowly as x increases, so long as x is small in compa- 
rison of m and n. Suppose m=n and 2=/ m, it becomes 


1 1 
—i— MESSE... PAM ote, i =! th 
€ 2 a7 180818: * that if we assume m=100, the 
10th term before or after the greatest would still exceed the 


3d part of the greatest. But when a becomes greater than 


’ .* Fae - 
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4/m or 4/n the exponential, and consequently also the terms 
which are multiplied by it, begin to diminish with great 
rapidity, and the diminution is more rapid as 2 increases. 
If m=n=100, and x=50, then the exponent ha?-—-2mn=25, 
so that e~'#? +2, =] "5, a quantity which is altogether 
insensible. We may therefore conclude generally that when 
his a large number, the principal terms of the developement 
of (p+q)" are those which are near the greatest term, and 
that A may be taken so large that the terms towards the 
beginning or end of the series may at length become smaller 
than any assignable quantity. 

94. From the proposition which has now been demon- 
strated it follows, that although the probability of that par- 
ticular compound event which has the greatest number of 
chances in its favour is very small when the number of trials 
is great, yet on account of the rapid diminution of the terms 
towards the beginning'and end of the series, the sum of acom- 
paratively small number of terms taken on both sides of the 
greatest, may be very much greater than all the remaining 
terms of the series; and, consequently, there will be a very 
great probability that the compound event will be repre- 
sented by one or other of those terms. This consideration 
leads us to one of the most important questions in the theory, 
namely, to determine the probability that in a large number 
of trials, A, an event E, which must either happen or fail in 
each trial, and of which the chance of happening in any 
trial is p, will happen not less than hp—Z times, and not 
oftener than fp+/ times; or, making hp=m, hg=n, to de- 
termine the probability that the number of occurrences of 
E will be included between the limits m=. 

Let x be any number between 0 and/. Then (92) the 
probability that E will occur (m—z) times and fail (n+ ~) 


y i Seger “wn... saw belaniess OO os Ge mS ee 
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times is P, =P,e—** 2”™(where P= (h--27mn). Nowif 
in this expression we make x successively equal to each of the 
numbers0, 1, 2,...2, we shall have the respective probabilities 


of E happening m, m—1, m—2,...... m—t times in / trials; » 
and the sum of these probabilities will be the probability that 


E happens ot oftener than m times, and not seldomer than 
m—Il times. The same suppositions with respect to 2 will 
give the probabilities of E happening m,m-+-1, m+-2,...m+/ 
times, the sum of which will be the probability that E happens 
not seldomer than m times, and not oftener than m-+-/ times. 
Adding, therefore, those two sums, and deducting P, the pro- 
bility which corresponds to x=0, on account of its being in- 
- cluded in each sum, and therefore having been counted 
twice, the result will be the sum of the terms of the binomial 
(p+q)" comprised between, and including, the two terms 
of which the first has for a factor p”t’, and the last p”—, 
and will therefore express the probability that the number of 
occurrences of E will fall within the limits m=E/. Let 
this probability be denoted by R, and let SP, represent the 
sum of all the values of P, obtained by substituting suc- 
cessively 0, 1, 2, 3,...2 for 2, we then have R=2SP,—P,, 
whence, writing for P, and P,, their values, 


R=28,/ (= «em ea 


Qrmn 
95. In order to find an approximate value of this expres- 


sion we must have recourse to a formula first'given by Euler 
for converting sums. of the kind denoted by S into definite 
integrals (for which see Lacroix, Traité du Calcul Différen- 
tiel et Intégral, tom. iii. p. 136, or Herschel’s Treatise on 
Differences, p. 513). Assuming u to denote a function of 
x, the formula is as follows: 


‘ 
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Su= ude 


cs a BB - ——- &c. + constant. 
On making ir = Pe? +2mn, we find du _ ars Pohx 
dx mn 


e—hz2~2mn ; therefore, if we suppose 2 to be not greater 
than ./m or 4/n, this differential coefficient is of the order 
1h, (as may be easily shewn by substituting hp for m, and 
hq for 2), and may be rejected, since / is supposed to be a 
very large number. The above equation therefore becomes 


SP, =P, fe? 2mndx 4. LP e+ 2mn. 4 constant ; 


and on supposing z=0 this gives O—=— 3P,-+4 constant, 
therefore the constant is equal to $P,, and we have 


oh Ei ie eaht2— 2mnd x Sa AD eae 2mn + 4P,. 


Assume (=2/(h--2mn), whence dt=dx/(h+2mn) ; 
substitute these in the above equation, and it becomes by 
reason of P==/ es --2rmn), 

SP= 7 e—“dt44 1p of +P, 


whence, from the equation R=2SP,—P.,, we obtain 


Ra? foie Pee 


The integral in this expression must be taken between the 
limits z—=0 and z=/. When «=—0 we have also (0, and 
when «=, then t=1,/(h + 2mn) ; therefore assuming + for 
- the limiting value of ¢, that is, making r=1,/(h--2mzn), and 
therefore l=r4/(2mn-—h), there results 


ees ie "e-tdt + Poe 
x J O 


for the probability that the number of occurrences of E will 
fall between m==7)/(2mn--h) ; or, replacing m and 2 by 
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hp and hq, the probability that the number of occurrences 
of E will fall within the limits Apxt74/ C"P9) or be oe 
to one of those limits. 

This expression for R has been found by neglecting 
quantities of the order of smallness 1+; consequently 
the greater the value of h the more nearly it approaches to 
accuracy, but it is only rigorously true when h is infinite. 

96. The integral /e—® d¢ is computed as follows. Develop- 


ing the exponential e—® i 


in a series of the ascending powers of 
2, and integrating the successive terms between the limits 


t=O and tr, we find 


Jace z z as Be. 3 | 
Poe oe pag) pos ieee 


a series which converges rapidly when 7 is less than unity. 


In the contrary case, however, or when 7 is greater than 
unity, the series is divergent, and it is necessary to proceed 
by a different method. Let the factor e—* be multiplied 
and divided by ¢; we have then 


de eda sett 


and on integrating by parts 


1 a 1 
ot HP. ods. 
ce ; tat of af 72° dt 


Repeating the same process on the last integral, and so 
on with the last after each succeeding integration, the fol- 
lowing series is obtained, 


Cn 1 3 3°5 
—t2 | f— sees — 
Se dt—— 3 + ye + By 95,6 + &c ie 


When ¢= infinity the right hand side of this equation be- 
comes 0; whence between the limits ¢=r and ¢= infinity, 
we have 


bed 
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re oo 1 5 3°5 
2dt=— — 4 ]——- + — =| 3 
ve a 2r 27, a Bert 2 s* ae } 


a series which converges very rapidly when r+ is greater 
than unity. Now the value of a definite integral between 
0 and infinity is obviously equal to its two parts, of which 
the first is taken between 0 and 7, and the second between 
r and infinity ; that is to say, | 


s oe) oa) 
8 e— dt =I) Pewee i} | goes edt. 
O , O 7: 
oa) 


But ip e—*dt is well known! to have for its expression 
- i 


4 /7z, therefore 


e r GO 
he dt hi/n— f, edt, 
e T 


so that the integral may be computed from either of the 
above series, according as 7 is less or greater than 1. 

The integral fe—“*d¢ is of great importance in the higher 
mathematics. It occurs in the investigation of the path of 
a ray of light through the atmosphere, and of the law of 
the diffusion of heat in the interior of solid bodies, as well 
as in the determination of the degree of reliance that may 
be placed on the results of astronomical observations, and 
generally in most of the more difficult and important ap- 
plications of the theory of probabilities. A table of its 
values from ¢=0 to ¢=3, for intervals each 01, was given 
by Kramp, at the end of his Analyse des Refractions Astro- 


@ 
1 The formula ie e—t*dt=14/7 is ascribed by Gauss ( Theoria 
0 
Motus Corporum Celestium, p. 212,) to Laplacee On making 
—l 
e—t?—z, the integral is transformed into 3 dz( log :) * between 


the limits z=0 and z=1, the value of which =}4/2, had been 
given by Euler, long before, in the Petersburg Memoirs. See Le- 
gendre, Exercises du Calcul Int¢gral, tom. i. p. 301. 
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nomiques, Strasburg, 1799. In the Berliner Astronomisches 
Jahrbuch for 1834, there is also a table of its values from 
=0 to ¢==2 (for the same intervals) multiplied by 2~,/z, 
with their first and second differences, for the purpose of fa- 
cilitating interpolation. This last table, which appears to 
have been derived from that of Kramp, and which is imme- 
diately applicable in the calculation of the probability R, 
we have extended to ¢=3, and given at the end of the pre- 
sent article. As the function which is thus tabulated will 
occur frequently in what follows, we shall in future, for con- 
venience in printing, denote it by 0, that is to say, we shall 


assume 


9 a 
7 -f, "ce dt= if. edt, 
vie TT, 


the two forms being equivalent in consequence of the above 
equation. 


97. Some very important conclusions follow immediately 
from the formula in (95). The quantity R denotes the pro- 
bability that in a very great number of trials h, the event 
E, of which the a przort probability in any trial is p, will 
occur not seldomer than hp—l/ times, and not oftener than 
hp+lT times, or that the number of its occurrences will be 
included between the limits Ay=*/, or at least be equal to 
one of those limits. Hence R also denotes the probability 
that the ratio of the occurrences of E to the whole number 
of trials, will be included within the limits po=-/+h. We 
have assumed r=/,/(h+-2mn) ; but m=hp and n=hq; 
therefore r=/-—-,/(2hpq), whence l=1/(2hpq), and con- 
sequently /+h=rV(2pq--h). Now, if we suppose r to be 
constant, so that the probability expressed by R may remain 
the same, then p and gq being given, / is proportional to 
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the square root of /, and consequently he greater the 
number of trials the smaller will / be in proportion to that 
number. Thus, if the number of trials be 1000, and we 
have a given probability R that the number of occurrences 
of E will not differ moré than 10 from the number which is 
the most probable of all (that is, from 1000 p), then if we 
take 100,000 trials, we shall have the same probability R 
that the number of occurrences of E will not differ more than 
10 X 4/100=100 from the most probable number. But 
a difference of 10 in 1000 is 1-100th of the whole, whilst a dif- 
ference of 100 in 100,000 is 1-1000th of the whole, and thus 
the ratio of 7 to h becomes smaller and smaller, or the ratio 
of the occurrences of E to the whole number of trials ap- 
proaches nearer and nearer to p, as the number of trials is 
increased ; and the experiments may be repeated until the 
difference between p and p=t/—A, in respect of a given 
probability R which may be as great as we please, shall 
be less than any assignable quantity. 

If, on the other hand, we suppose /+A to be constant, 
then 7 is proportional to the square root of the number of 
trials. But as r increases, ©, and consequently R, approaches 
nearer and nearer to unity, (and it may be seen, by referring 
to the table, that it is only necessary to have r=3 in order 
to have ©@=-9999779) ; whence the number of trials / may 
always be increased until we obtain a probability approach- 
ing as nearly to certainty as we please, that the number of 
occurrences of E will be comprised within the given limits 
(Ap=tl); or, which is the same thing, that the ratio of the 
number of occurrences of E to the whole number of trials, 
shall not differ from p, the probability of E in a single trial, 
more than a given quantity +A which may be less than 
any assigned fraction. This is the celebrated theorem 
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which was demonstrated by James Bernoulli in the Ars 
Conjectandi. : 

98. The application of the preceding results to numeri- 
cal examples, is rendered extremely easy by means of the 
table of the values of ©. From the formula in (95) we 
have the probability 

R=e-+P,e-72, 

that the occurrences of E in A trials will fall within the 
limits hp—=J, the relation between ¢/ and r being given by 
the equation J=r,/(2hpq). If, therefore, we suppose Z to 
be given, r becomes known, and the corresponding value 
of © is found from the table; and, conversely, if © be as- 
sumed, 7 is given by the table, whence the corresponding 
limits 7 are deduced. With respect to the quantity P,e~™, 
we may observe that it denotes the probability that the 
number of occurrences of the event E will be Ap + or hp—tl 
precisely (92), and is therefore always a very small fraction 
when h is a large number (90). It may be regarded as a 
correction of ©, which in most cases might be omitted with- 
out sensibly affecting the result; but when A is not very 
large, or Z is a small number, it becomes necessary to take 
it into account. In such cases its value may be computed 
directly as in the example in (92); but this labour may be 
avoided by increasing 1, so as to include it within the 
limits of the integral @. Thus, let R be the probability 
that the number of arrivals of E will be included within 
the limits kp=—wz, and R’ the probability of the limits be- 
ing Ap=e(a+1), and let @ and ©’ be respectively the 
correspondiug values of the integral. We have then, 
giving P, the same signification as in (92), the two equa- 
tions 


R=o+P,, R’=0’+ Pir 
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and the difference R’—R of these two probabilities is ob« 
viously the double of the probability that the result of the 
trials will be either (Ap+a+1) times E, or (hp—a—1) 
times E, exactly. But the chance of either of these events 
being P,4;, we have therefore R’-—-R=2P,4;. Now, when 
h is large, P, and P,4; are very small, and very nearly equal 
to each other, (their difference is in fact of the order of quan- 
tities omitted) ; hence R’—R=0’—9, and also 2P,,4.=2P., 
and consequently ©’ —©=:2P,, or P, =4(0’—@). Substi- 
tuting this valueof P, inthe equation R=0 + P;,wegetR=4$ 
(©’+-©); so that if we take from the table the values of ©’ 
and © corresponding to / and /+-1, half their sum will give R. 
But as the interval between @’ and @ in the table is always 

small, half their sum will not differ sensibly from the value 
of © corresponding to 7+-4, whence this value of © is 
equal to R, and we have the following rule for determining 
the limits corresponding to a given probability, or vice 
VETSA :—. 
* When the limits are assumed, find r from the equation 
14+4=7V/(2hpq); then the value of @ in the table, corre- 
sponding to 7 is the probability that in / trials the number 
of occurrences of the event E, the chance of which in a sin- 
gle trial is p, will lie within the limits Ap=/ both inclusive. 
Conversely, when © is assumed, find the corresponding va- 
lue of + in the table, by means of which the limit Z will be 
given by the equation 74-4=rV/(2hpq). It is obvious, that 
if the limit Z and the probability © be both assumed, then 
h may be determined from the same equation. | 
r 99. We will now give some examples of the application 
of the preceding formule. 

Suppose p=q=1}, and A=200, and let it be proposed to 
assign the limits within which there is a probability =} 
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that the number of occurrences of E will fall. In this case 
the equation /+- § =r4/(2hpq) becomes /+ 4=74/100= 107. 
Now, it is easily found from the table that for e=1 we have 
r='4769, whence 14 3=4-769, and /=4:269. On tossing 
a shilling 200 times, it is therefore more than an even wager 
that head will turn up net seldomer than 95 times, and not 
oftener than 105 times. 

Suppose p=q=4, h=3600, and let it be proposed toassign 
the probability that the number of occurrences of E will not 
exceed the limits 1800-30. In this case the equation 
14-4—==14/(2hpq) becomes 30°5=r/(2 X 900) ==3074/2, 
whence r==30°5+30./2='7189; and the table gives 
6='6907=28 nearly. Hence in tossing a shilling 3600 
times, the odds are 28 to 13 that head will not turn up 
oftener than 1800+ 301830 times, nor seldomer than 1800 
—30=1770 times. Neglecting the second term of R (95) 
and taking simply /=10r, the table gives 0=-6827, which 
is the solution given by Demoivre, p. 245. 

Suppose p=t, g=, and let it be proposed to determine 
how many trials must be made in order that it may be one 
to one that the number of occurrences of E will not differ 
more than 10 from the most probable number. 

For 0=4 we have r='4769; therefore the equation 
[44-1 (2hpq) becomes 10°5=="4769V/{ 10-36), whence 
h=3-6(10'5-~+-4769)”. Oncomputing this formula & is found 
=1745°2. Say 1746, 4 of which is 291; and it follows that 
ifa die be thrown 1746 times it is an even wager that the 
number of aces will fall between 291==10, that is, be- 
tween 281 and 301, or be equal to one of those numbers. 

In (92) we found the probability to be :0053, that in 
6000 throws of a die the number of aces will be exactly 
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960. Let it now be proposed to assign the probability ©, 
that in 6000 throws the number of aces will lie between 
960 and 1040, that is, between 1000-40. Here h=6000, 
p=, q==3, and 40; the equation of the limits therefore 
becomes 40°5=74/(10000-+-6), whence r=4054/ 6=:992, 
corresponding to which the table gives O=8394. 

The following question is discussed by Nicolas Ber- 
noulli in the Appendix to Montmort’s Analyse des Jeux de 
Hazard, and is noticed by Demoivre and Laplace. From 
the observations of the births of both sexes in London dur- 
ing 82 years (from 1629 to 1711) it was found that the aver- 
age number of children annually born in London, was about 
14,000, and the ratio of the number of males to that of fe- 
~ males, was nearly as 18 to 17, the average number of male 
births being 7200, and of female births 6800. In the year 
in which the greatest difference from this ratio took place, 
the actual numbers were 7037 males and 6963 females, so 
that the difference from the average amounted to 163. 
Assuming, then, the comparative facility of male and female 
births to be as 18 to 17, required the probability that out of 
14000 children born, the number of malesshall not be greater 
than 7363, nor less than 7037. 

This question is evidently equivalent to the following :— 
Let 14000 dice, each having 35 faces, 18 white and 17 
black, be thrown; what is the probability that the number 
of white faces turned up, will be comprised between the 
limits 7200-163. We have therefore h=1400, p=13, 
g==1i, l=163, and the formula /+44—r,/(2hpqg) becomes 
163.5 =7/(2 X 14000 X 18 X 17) +35, whence r= 1-955. 
The corresponding value of © is found from the table "9943, 
which is the probability that the number of white faces shall 
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not be greater than 7363, nor less than 7037. The odds 
in favour of the event are therefore 9943 to 57, or about — 
175 to 1. —— 

100. We now proceed to consider the case in which the 
probabilities of the simple events are not known, a@ prioré, 
but inferred from the results of experience. It was shewn 
in (52) that the probability 1 of an event happening m’ 
times, and failing n’ times in A’ trials, (h'=m’ +n’), when 
it has been observed to happen m times, and fail 2 times in 
h previous trials, is expressed by this equation 


pla km' Inspr’) 
[me ][ 2} [h+h’+1] 


Now, when m, ”, m’, n’, are large numbers, an approxi- 


n—U 


mate value of II, more accurate in proportion as those 
numbers become larger, is obtained from Stirling’s theorem 
(90), which for any number « gives [a ]—are*)/ (272). 
Applying the theorem therefore to the expressions within 
the brackets in the above equation, and assuming 
hl j(m4m')(ntn'\(h+1)- 
Ka, mnu(h+hi+1)  ’ 
we obtain, in consequence of m-+-n=—h, 


Kank (npn! yen ep LY 


nee mn” (hh Lye 
Let m’—6m, n’=6n, and consequently h’=6h; then taking 
hh (h+4+1)? 


(which may be done with- 


(h+h’)etr oF (Ah! 1 ptr 
out sensible error, since # is by supposition a large num- 
ber,) the equation becomes 

pe m(1 $6) tn 1+ gate he 

comes m™ nr” (146)eth’ 


or, since m+ 2=A, m’ --m'=N’, 
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N= eon — Kee 
= Ah(1 4-6 )h+¥ UK( 4 iS. : 
Making the same substitutions in the expression denoted 
by K, we get, after reduction, K=1+4/(1+6); whence, 


n=7rgaa) CE)” 


The value of I now found, is the probability that in a 


future series of trials the ratio of the occurrences of E to 
those of F will be the same as in the preceding trials, which 
are supposed to have been very numerous. If the chances 
of E and F had been given a@ priort equal to m+h and 
n--h respectively, the probability of m’ times E, and x’ 
times F in m‘4 7’ future trials would have been P= 
m\*" (n\* 
u(7) (=-) by (12); hence (since m’+~h’=m-_-h and 
n'~-h’'=n-~h), the relation between the probability P, of 
that combination of simple events which has the greatest 
number of chances in its favour, when the chances of the 
simple events are known a@ priori, and the probability of 
the same combination when the chances of the simple events 
are only presumed from previous trials, is expressed by 
this equation, 
M=P’+-/(1 +6). 

101. When ZX’ is very small in comparison of hf, 6 be- 
comes a very small fraction, and may be neglected, and we 
have then N=P,. But when /’ is a number comparable 
with A, 11 is Jess than P,; and it diminishes rapidly when 6 
exceeds ]. The reason of this is obvious. H the con- 
tents of the urn are not known @-priort, however numerous 
the trials may have been there is only a presumption that the 
chance of drawing a white ball in a single trial is measured 
by mh; whereas, in the case of the ratio of the balls being 
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previously known, the measure of the probability is cer- 
tain. As an instance of the manner in which the proba- 
bility of an assigned series of future events diminishes, 
when the probabilities of the simple events are inferred 
from experience, let us suppose ’=h, whence 6=1, and 
consequently 1=P,+/2= 7071 x P,. Now it was shewn 
in (91) that if a ball be drawn at random 100 times from 
an urn which contains an equal number of black and white 
balls, the probability P,, that the result will be 50 white 
balls, and 50 black, precisely, is 07979. It follows there- 
fore, that if the contents of the urn be unknown, and 
we can only judge of the relative numbers of the two sorts 
of balls it contains from having observed that in 100 trials 
there have been drawn 50 white balls and 50 black, the 
probability 1 of that combination in 100 future trials, be- 
comes 07979 x *7071=05642. 

102. The result obtained in (100) enables us to de- 
termine the probability that the number of occurrences of 
E in #’ future trials, will not differ in excess or defect from 
the most probable number, by more than a certain given 
number 7. It has been shewn (95) that in the case of the 
probabilities p and q of the simple events being given a 
priori, if we determine 7 from the equation (=rV/(2hpq), 
the formula 

R=0+4+V (1 -2nhpqje—™ 
gives the probability R that m will be comprised within the 
limits hps=rV/(2hpq); or, dividing by , the probability 
that the ratio of m to A will be comprised within the limits 
poterV (2pq--h). Conversely, whenpand gare not known, 

1 This inference, though admitted by both Laplace and Poisson, 


is not strictly correct. In a paper published in the Transactions of 
the Cambridge Philosophical Society, (vol. vi. part iii.) Mr. De Mor- 
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but the event E has been observed to happen m times in h 
trials, then 
= + (h--20mn)e-** 

gives the probability R that p is comprised within the limits 

a 2mn 

Tp ee 
These limits approach more nearly to each other as h in- 
creases ; and when A is a large number, the ratios mh, 
2 --h may be assumed, without sensible error, as the chances 
of E and F in computing the probable result of a future 
series of h’ trials, provided, however, that A’ (though abso- 
lutely a large number) be small relatively to. When this 
condition is not fulfilled, the assumption of m+ and nh 
as the a priori chances of E and F, might lead to consi- 
derable error; but an approximation to the limits corre- 
sponding to a given value of R may be obtained from the 
following considerations :— 

Suppose a large number / of events to have been observ- 
ed, and that the result of the observation gave m times E 
and m times F. Let a new series of A’ trials be made, and 
suppose that in this new series p is the real chance of E 


gan has shewn by a direct analysis that in the ease of p and g not 

being known a priori, but made equal to the observed ratios mA, 

n--h, the presumption of the true value of p lying within the limits 
1 ceo 


WV Qahpqgy ’ 


- The last correction to © is smaller 


stated in the text is not, as there inferred, O + 


but "iui dion! ul Pras 
6hpqV = 

than the former, and being divided by , is of the order of quantities 

that have been rejected in the approximations. It is right to state 

that the method of simplifying the calculation of R in the direct case, . 

by taking the integral © between limits corresponding to /+3 instead 

of J, is noticed, for the first time so far as we are aware, by Mr. De 


Morgan in the same paper. 
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and q of F; we have then a given probability R that 
the number of occurrences of E will fall within the limits 
h’p==rV (2h'pq). Now, for p and q substitute the ratios 
observed in the first set of experiments, namely, m+~/ and 
n--h, and the limits corresponding to R become 
, 
me tT (QN'mn), 

which, therefore, are the true limits on the hypothesis that 
the chance of E in a single trial is m~h. But as this 
chance is not certain, but only presumed, the limits require 
to be extended in order that R may preserve the same va- 
lue. Confining our attention to ©, the first term of the 
expression for R (the second may be disregarded in the pre- 
sent approximation), let A’=m’ +-n/ and m’ : n’=m:n, then 
© is the sum of the terms of the binomial (p-+¢q)” from that 
in which the exponent of p is m+ to that in which the 
exponent is m’—l. Now, when p and ¢ are given a prior, 
the chance of m’ times E and n’ times F in /’ trials is P, ; 
and when p and q are only presumed from the results of 
previous trials, the chance of the same combination is IT; 
and (100) 1 is less than P, in the ratio of 1 to /(1+6). In 
like manner, the chance of each of the other combinations 
of E and F included in the integral © will be less in the 
case of p and q presumed, than in the case of p and q given, 
in the same ratio of 1 to 4/(1+ 6). But it has been seen 
(93) that when A’ is a large number, the terms of the de- 
velopement of (p-+q)” which are nearest the greatest term, | 
diminish at first very slowly ; and, further, that only a small 
number of terms on each side of the greatest are required 
to be taken, since J is less than /m’ or /n’ (95); we may 
therefore, without sensible error, assume © to be proportion- 
al to the number of terms included in the summation, or 
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that the value of © will not be changed if we include in the 
summation a number of terms greater in proportion as the 
value of each individual term isless. Hence it follows that 
the limits must be increased in the ratio of 4/(1+46) to 1, 
and the value of © corresponding to r will give the proba- 
bility that the number of events E, in h’ future trials, will 
be included between 


me eT (2h! mn(1 +6)). 

103. The following question may be proposed as an ex- 
ample of the application of the last formula. Out of a given 
number / of individuals taken at the age A, it has been ob- 
served that m are alive at the age A-+-a ; required the pro- 
bability that out of’ other individuals taken at the same age 
A the number who survive at the age A-+-a will be includ- 
ed between m’=t-/, the ratio of m’ to h’ being the same as 
that of m to h. 

_ To solve this question, we have to find + from the 


equation /= ; V/(2h’mn(1+46)); and the corresponding 


value of © in the table, will give the required probability. 
From the table given in the article MorTa.iry, vol. xv. 
p- 555, it appears that out of 5642 individuals taken at the 
age 30, the number surviving at the age 50, according to 
the Carlisle Table, is 4397. Taking those numbers as an 
example, we have h=5642, m==4397, n==1245; and as- 
suming also h’=5642, whence 6=1 and /(1+0)=4/2, 
the equation of the limits becomes /=r x 62°30, Let it be 
proposed to determine é from the condition @=4. In this 
case the table gives r=="4769, and we have consequently 
-—29:7. Hence it appears, that if it has been observed 
that of 5642 individuals taken at the age of 30, 1245 die 
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before reaching the age of 50, it is an even wager that out of 
5642 other individuals also taken at the age of 30, and sub- 
jected to the same chances of mortality, the number who die 
before reaching the age of 50 will lie between 1245—~30, 
that is, between 1215 and 1275. 

104. The following experiment recorded by Buffon, in 
his Arithmetique Morale, affords an example of the ap- 
plication of the preceding formule to the determination 
of the probable existence of a physical cause from the 
results of a large number of observations. A piece of 
money was tossed 4040 times successively, and the result 
was head 2048 times, and tail 1992 times. Supposing the 
piece to have been perfectly symmetrical, the most pro- 
bable result would have been the same number of heads 
and tails. Let it now be proposed to assign the probability 
afforded by the experiment that the piece was not symme- 
trical, and that its form or physical structure was such as 
to render head an event, @ priorz, more probable than tail. 

In this case A==4040, m= 2048, n==1992; and by (102) 
we have the probability R (or ©, neglecting the correc- 
tion) that p, the unknown chance of head, is comprised 


m r s2mn m _ 2048 
mits <2 fe 
between the limits Rr ee ades Wee TY 


—.50693, and See —r X 0111243 therefore if we 


assume 7 X .011124=.00693, we shall have the probability 
© that p is comprised between the limits .50693=.00693, 
that is, between two limits of which the least is .5, or one- 
half. This assumption gives r==.00693 +.011124=.623 5 
and the corresponding value of © is found from the table 
=.62170. Now if p lie between the above limits, its value 
is evidently greater than 4; but the probability of its lying 
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between those limits is not the whole probability that p is 
greater than 4; for there is a chance of its exceeding the 
greatest limit, in which case also its value will be greater 
than 4. The probability that p is xo¢ comprised between 
the assumed limits is 1—.62170 =.37830 ; and if it is not 
comprised between these limits, there is an equal chance of 
its heing greaterjthan the greatest limit, or less than the least; 
the probability of its exceeding the greatest limit is conse- 
quently 3 x .37830==.18915. Hence the whole probability . 
that p is greater than .5, or that the chance of head is 
greater than that of tail is .62170+.18915=.81085; and 
the odds are therefore 81 to 19, or rather more than 4 to lL 
that the piece was not perfectly symmetrical. 

105. The formule which have been demonstrated in the 
present section are immediately applicable to the determina- 
tion of the probable limits of the gain or loss which may 
arise from undertaking a great number of risks with a given 
expectation in respect of each. The following question has 
important practical applications. A is interested in a great 
number of similar enterprises, in each of which E or F must 
necessarily happen. When E happens he receives the sum 
a, and when F happens he pays the sum 8; required the 
probability that his gain or loss shall be comprised within 
given limits ? 

Let p be the chance of the event E, ¢ that of F, and hk 
the number of enterprises. Suppose E happens m times, 
and F 2 times; the sum to be received will be ma, and the 
sum to be paid will be #8, and therefore his gain will be 
ma—nB. Let m=hp, n=hq, then m times E and x times 
F is the most probable result, and in this case the gain 
ma—n3 becomesh(pa—g8). Find 7 from/l-+-4=7rvV/ (2hpq), 
then (98) @ isthe probability that the number of occur- 
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rences of E will lie between the limits Apa-/. But if E 
happens hp—/ times, and consequently F iq+/ times, the 
corresponding benefit is (hp—l)a—(hq +1) 8=h( pa—q3)— 
Ua+ 8); and if E happens hp+/ times, and F hq— times, 
the benefit is (Ap +l)a—(hq—l)B=h(pa—q8) +l(a+8) ; 
whence @ is the probability that his gain, that is, the diffe- 
rence between what he receives and what he pays, will be in- 
cluded within the limits h(pa—q3)==((a+-) both inclusive. 

106. The following conclusions follow immediately from 
this solution. 

(1). If pa be greater than g3, so that A has a mathema- 
tical advantage (however small) in each risk, the risk may 
be repeated a sufficient number of times, or 2 may be taken 
a sufficiently high number, to give a probability as nearly 
equal to certainty as we please, that A’s gain shall exceed 
any given sum, however great. | 

(2). Let there be two players A and B, whose chances 
of gaining a game are respectively p and gq, and let B be 
the sum staked upon each game by A, and athe sum staked 
by B, then pa is the mathematical expectation of A in re- 
spect of a single game, and q8 that of B; and if pa be 
greater than g3 (however small the difference) the game 
may be repeated so often as to give rise to a probability 
approaching as nearly to certainty as we please, that A’s 
gain shall become equal to the whole of B’s capital, and, 
consequently, that B will be ruined. 

(3). If the mathematical expectations of the two players 
be equal, then pa—q3=0, and the most probable individual 
result of a large number of games, is that the gains and losses 
on either side shall be thesame. Butif/be supposed constant, 
then + is inversely proportional to //, and consequently the 
game may be repeated until ©, the probability that the 
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gain or loss (a+) shall be comprised within given limits, 
shall become as small as we please. Hence 1—®, the pro- 
bability that the gain or loss shall zo¢ be comprised within 
given limits, may be rendered as great as we please ; and it 
follows that although the play may be on terms of perfect 
equality, it may be continued until a probability shall be 
obtained, approaching as nearly to certainty as we please, 
that one of the two players shall be ruined. 

(4). The number of games which must be played, to 
afford a given amount of probability that one of the parties 
shall lose the whole of his fortune, depends on the magni- 
tude of the stakes (a+-8); but whether the stakes be large 
or small, the final result is the same. When the stakes 
are small, a greater number of games must be played. 

107. As an example of this class of problems, we may 
take the following question: A and B engage in play 
with equal chances of winning, and stake five sovereigns on 
each game; how many games must they undertake to play 
in order that it may be two to one that one of them shall 
lose at least 100 sovereigns ? 

Here p=4, g=}; a=5, B=5, and / (a+-8)=100, whence 
l=10. The equation /4+-4=7r/(2hpq) therefore becomes 
10‘5=1/(h+2), whence h=2 x (10°5)?——-7?. Now, the 
odds being 2 to 1 against the limits of the gain or loss 
not exceeding 100, the probability © of the limits not ex- 
ceeding 100 is 433333, corresponding to which the 
table gives by interpolation r="30458 ; substituting which 
in the above equation we find =2376'8 ; so that if 2377 games 
are played, the odds are 2 to 1 that one of the players shall 
have gained at least 10 games more than half that number, 
and, consequently, that the other shall have gained at least 10 
less than half, or that one of them shall have gained at least. 
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20 games more than the other, and consequently have gain- 
ed at least 100 sovereigns. 

It is to be carefully observed that this question supposes 
the account between A and B not to be balanced until 
2377 games have been played. If the condition of the play 
had been that it should cease as soon as A or B should have 
lost 100 sovereigns, the question would have been of an 
entirely different kind, and a much smaller number of games 
would have given the same probability of an equal loss. 

108. The question just alluded to belongs to a class of 
problems connected with the Duration of Play, of extreme 
difficulty, and which have given rise to some of the most 
abstruse and refined researches in the modern analysis. In 
order to give an idea of the subject, we may take the fol- 
lowing question, which has been frequently considered. 

A and B, whose chances of winning a game are respec- 
tively p and q, play on these terms: A has m counters, and 
B has 2 counters; when A loses a game he gives a counter 
to B, and when B loses a game he gives a counter to A, 
and the play is to cease when one of them has lost all his 
counters. What is the probability that the play, which 
may go on for ever, shall be finished before more than % 
games shall have been played. 

To take a simple case, suppose each to have three coun- 
ters, and let the probability be required that the play shall 
be concluded with or before the ninth game. As the play 
cannot end with less than three games, let the binomial 
(p+q)* be developed, and the terms 

Pp’ + Sp?q-+t spy? +9? 
give the respective probabilities of all the cases which can 
arise in three games. The first term is the probability of 
A gaining all the three games, the last term is the proba- 
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bility of B gaining them, and the sum of the remaining two 
terms is the probability that neither will win all the games, 
or the chance that a fourth will be played. Now, if the 
fourth game be played, p is A’s chance of winning it, and 
q B’s chance ; but these chances will only exist in respect 
of the fourth game, provided the play be not concluded with 
the previous one, the probability of which is 3p’ q+ 3pq?. 
Multiplying, therefore, 3p?q+-3pq? by p+-q, the product 
3p? q+Op*q? +3pq° 
gives the respective probabilities of the different ways in 
which the four games may be gained by A and B, except- 
ing the two ways in which the play would have terminated 
with the third game. But the play cannot end in any of 
these ways; for, taking the first term for example, if B 
gains a counter before A gains three, the play cannot ter- 
minate until A gain back that counter, and three others 
besides, so that five games must be played. In fact, it is 
obvious that there is no way of gaining an odd number of 
counters in an even number of games, or vice versa. The 
last product therefore expresses the chance of the 5th game 
being played; and by reason of p+-q=1 it is equal to 3p’q 
+. 3pq’, the chance of the 4th being played, as it obviously 
ought to be, since the play cannot terminate with the 4th. 
Again, if the 5th game be played, p is A’s chance of gain- 
ing it, and q B’s chance of gaining it ; multiplying there- 
fore the last product by p+gq, the different terms of the 
result, namely, 
3p'q-+9p"q" + 9p"q? + 3pq" 

give the respective probabilities of all the cases which can 
arise by the Sth game. The first term is the probability of 
A gaining 4 games and B gaining 1, and the last term is the 
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probability of B gaining 4 and A gaining 1. These 
terms therefore are the probabilities of the play ending in 
favour of A and B respectively with the 5th game, and the 
sum of the other two terms is the probability that the play 
will not terminate with the 5th game, or the chance of 
another game being played. 

By pursuing the same reasoning it will be evident that 
on rejecting the two extreme terms of the above product, 
and multiplying the remainder by p+q, there will result 
the probabilities of the different ways in which six games 
may be played without the one player gaining all the 
counters of the other. But as the play cannot termimate 
with the 6th game, multiply again by p+q, and the result 


pg +27ptg? +27p'g' +9p'y 
will indicate the probability of the different cases that can 
arise out of the 7th game. Rejecting the two extreme 
terms, which give the respective probabilities of the play 
being concluded in favour of A or B, and multiplying the 
remaining two first by p+-q to obtain the different proba- 


bilities in respect of the 8th game, and again by p+, as the 
_ play cannot terminate with the 8th, we have the product 


27 pg? +81 peg’ +81 pig? +27 pg’, 
of which the first and last terms give the respective chances 
of A and B winning at the 9th game, and the sum of the 
other two terms the probability that the play will not be 
concluded by the 9th. 

If we now collect the terms which have been set aside 
in the successive products, and denote by a and 6 the 
respective probabilities of A and B gaining at the 9th 
game, or sooner, we shall have 
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a=p +3 p'qgt+9 pg’ +27 pg’: 
b=P +3 P+9 TP +27 YP, 
where the law of the series is evident. 

It is easy to see that this process may be applied 
whatever be the number of counters which A and B have 
at the commencement, and whatever be the number, A, 
of games to which the play is limited. The general rule 
is as follows: of the two numbers m and n, let m be that 
which is not less than the other. Raise p+-q to the power 
n, and reject the first term (which gives the chance of 
A winning 2 games in succession), and also the last if 
m=n. Multiply the remainder (h—z) times in succession 
by (p+q), rejecting at each multiplication the first or 
last term of the product when it gives a combination which 
would terminate the play in favour of A or B; the sum 
of the terms rejected from the left-hand side of the dif- 
ferent products gives the probability in favour of A, and 
the sum of the terms rejected from the right-hand side the 
probability in favour of B. As the coefficients of the suc- 
cessive products are obviously formed by adding the coeffici- 
ent of the corresponding term in the preceding product to 
that of the term immediately before it, the products may 
be written down at once without the trouble of multiplica- 
tion; but it is evident that when m, m, and / are large num- 
bers, it would be quite impracticable to sum the series 
formed of the rejected terms by the ordinary methods. 
From the manner in which the series are derived, they are 
called recurring series; a general theory of which was first 
given by Demoivre in his Doctrine of Chances, and forms 
the most remarkable portion of that work. 

109. The general problem is reduced to an equation of 
finite differences as follows: Let y,,, represent A’s expec- 
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tation when 2 games have been played, and he has still ¢ 
counters to win, or B has ¢ counters in his hand. If A gain 
the next game the value of his expectation will become 
Y 2+1, +1, and the chance of his gaining it is p; therefore 
his expectation in respect of that event is pys41,11- On 
the other hand, if A loses the next game his expectation 
will become ¥,+41,+41, and the chance of losing it is q 3 
therefore his expectation in respect of that event is q¥/241, 4+ 
Hence, according to the principles laid down in (32), 
Ys, t=PYrH1, tA tqyztt +1 

a linear equation of finite differences, with three independ- 
ent variables. It is therefore on the integration of an equa- 
tion of this kind that the problem of the duration of play 
ultimately depends, but the subject is of much too compli- 
cated a nature to admit of its being satisfactorily explained 
in this place. We must therefore content ourselves with 
referring the reader to the treatise on generating func- 
tions, which forms the first part of the Théorie Analytique 
of Laplace. 


1 Lagrange, in vol. i. of the Memoirs of the Society of Turin, was 
the first who shewed that the investigation of the general term of 
a recurring series depends on the integration of a linear equation of 
finite differences. In vols. vi. and vii. of the Memoires présentés a 
P Academie des Sciences of Paris, Laplace proposed a general method 
for the summation of recurring series by the integration of such equa- 
tions, and in the latter volume gives a number of examples of their 
use in the more complicated questions in the theory of chances, 
amongst which is the problem enunciated in (108). The subject 
was afterwards resumed by Lagrange in the volume of the Berlin 
Memoirs for 1775, where he has given a more direct method than that 
ef Laplace, for the integration of the class of equations in question, 
and also applied it to the solution of the principal problems proposed, 
in the works of Montmort and Demoivre. A general solution of 
the problem in the text is given by Ampére in a Tract entitled Con- 
sidérations sur la Théorie Mathématique du Jeu, (Lyons, 1802.) 
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SECTION IX. 


OF THE MOST PROBABLE MEAN RESULTS OF NUMEROUS 
DISCORDANT OBSERVATIONS, AND THE LIMITS OF PRO- 
BABLE ERROR. 


110. In the preceding section we have considered a 
class of questions which apply to events depending on con- 
stant causes, and supposed to be of such a nature that they 
necessarily happen or fail in each experiment, and have 
given formule by which approximate results can be ob- 
tained when the numbers involved are so large that they 
cannot be conveniently treated, or cannot be treated at all, 
by the ordinary methods of calculation. We come now to 
a more difficult problem, namely, to investigate the pro- 
bable result of a large number of observations which have 
reference not to the simple occurrence or failure of a cer- 
tain event, but to the magnitude of a thing, susceptible, 
within certain limits, of a very great or an infinite num- 
ber of different values, equally or unequally probable, the 
chance of any particular value being also supposed to vary 
in each experiment. On account of its immediate applica- 
tion to the determination of the most probable values of 
astronomical and physical elements from the results of ob- 
servation, this is, perhaps, in reference to practical utility, 
the most important question in the theory. 

111. Let A represent a thing of any sort (as a line, or 
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an angle, or a function of any quantity) which may have 
every possible value within given limits, or which may 
be constant in itself, but of such a nature that its real mag- 
nitude can only be observed within certain limits of accu- 
racy, and suppose a great number of observations to be 
made. The object is, in the first place, to assign the pro- 
bability that the sum of the observed values shall fall within 
given limits, supposing the chances of the different values 
of A to be known a prior? ; and, in the second place, when 
the law of the chances is unknown, to determine from the 
observations themselves the most probable mean value of 
A, and also the limits within which there is a given amount 
of probability that the difference between such mean value, 
and the true. but unknown value of A, shall be contained. 

112. Let a and 6 be the limits of the possible values of 
A, x a value of A between a and 6, and P the probability 
that the sum of the values of A given by / observations 
will be s exactly, s being a given quantity between ha 
and 4b. Assume the values of A to be equidifferent, and 
multiples of a certain constant ¢, and make 

de=-, Be, C45, 262 0, 

where a, 8, and o are whole numbers (which may be posi- 
tive or negative), and zis also a whole number proportional 
to x, and varying between the limits 7a, and 7=£, and 
which, therefore, may be positive or negative, or zero. If 
the different values of A are supposed to be equally proba- 
ble, the chance of obtaining any given one of them, as 2, 
in a single trial is unit divided by the number of possible 
values, or equal to 1+(@—a+1); and if we assume an 
indeterminate quantity w, then (20) the number of combi- 
nations which give the sum of h values of A equal to ce is 
the coefficient of that term of the multinomial 
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(eo" F008) ts. wy" 
{or of the developement of (Zw')’ from z=a to i=§) in 
which the exponent of w is o; and consequently the pro- 
bability P that the sum of the values of A will be s ex- 
actly is that coefficient divided by (8—a+1)*. 

113. If the chances of the different values of A are un- 
equal, and also vary in each trial, let y, be the probability 
of the observed value of A being 2 in the first trial, po the 
probability of its being 2 in the second, ps that of its being 
x in the third, andsoon. Now when h=1, or when there 
is only a single trial, then s=%=7e, and we have P=p!. 
if h=2, then, assuming ze to be the value of A in the first 
trial, and 7c its value in the second, (¢ and 7’ being any two 
numbers between a and 8), the two observations may give 
the sum of the two values equal to ce in as many different 
ways as it is possible to satisfy the equation 7+7”=o; and 
consequently, according to the theory of combinations, P is 
the coefficient o. that term of the product (arranged ac- 
cording to the powers of w) of the two series represented 
by 3p ww and spw*, in which the exponent of w is equal 
to oe. In like manner, if 4-3, then the sum of the ob- 
served values of A may be equal to ce in as many different 
ways as the equation 7-7’ +42”=o admits of different so- 
Mor and consequently P is the ee of term of 
the developement of the product 3p,w" . 3p,w" . sp,w" , 
in which the exponent of w is equal to ve. Generally, when 
the number of observations is k, the probability P of the 
sum of the observed values of A being s, or ce, exactly, is 


the oar of ll in the developement of the product 


Sp,w . 3p w spo A shige “ihe 
the sums > including all values of ¢ from =a to i=f 
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Assume w' =e —l(e being the base of the Napierean 
logarithms), and let the above product be denoted by X. 
We shall then have 

X=sp,e" Nest ; sp eV ; sp,iV—1 Satta sp,eun 
Now since P is the coefficient of the term of the develope- 
ment of this product which contains the factor ot “lif 
we conceive the developement effected we shall have 

X=—Pe” Nae eS pitt 5 &e. 
a seties in which all the terms are of the same form. Mul- 
tiplying both sides of the equation by eat —l we get 
Ke 1 py pil &c. 


Now by a well known theorem in trigonometry, (ALGEBRA, 


art. 269), len =I — cos (o’—o)6+-4/—Isin (o’-o) 6; 
substituting therefore this value, and multiplying by dé, 
the equation becomes 
Xe—0b I G9—Pdb+ P' {cos (o’—c)4+4/—1 sin (—s)6} d+ &e. 

The factor which multiplies P’ in this equation will evi- 
dently become zero when integrated from €==—z to 6= +7, 
( being the semicircumference to radius 1), the positive 
and negative elements of the integral being equal, and con- 
sequently destroying each other. The same thing also 
takes place with respect to the following terms, which are 
all of the same form. Integrating therefore between those 
limits, and observing that,/dé—=27, we find 

| eon ery oe 


“Xen Tg, 
2r.J —x 
114. This value of P denotes the infinitely small chance 
that the sum of the values of A in A trials will be s exactly. 
Let » and » be two integer numbers between a and A§, 


and let Q denote the probability that s will be comprised 
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between the two limits pe and ve, (these limits being in- 
cluded between ha and hb); then Q will be found by sub- 
stituting successively p, p+-1, »42,...v for o in the above 
value of P, and taking the sum of all the resulting terms. 
This substitution gives the following series multiplied by X 
under the sign of integration: 


oe Ve et aa ei 
On multiplying the series now foundby ew A at y =e 
(=2,/ —1 sin 34), all the terms of the product, excepting 
the first and the last, destroy each other, and the sum of 
the terms becomes simply 

ea (HE IAT O48) NS , 

therefore on making the substitution, and performing the 
multiplication now indicated, and dividing by 2n/—1 sino, 
we obtain for the value of Q the equation Q= 


I +r. = — 
es x J eh) Or (+4) dé 
a ee fe | e ay — 


115. In order to simplify the expression for Q, let the 
number of possible values of A within the given limits be 
conceived to be infinite, in which case the constant e be- 
comes infinitely small, and therefere, since the limits are 
finite, » and » infinitely great. Let the following substi- 
tutions also be made: 

pe=p—od, ve=yp-+-d, O=ez, 

8 being positive in order that » may be greater than p, 
agreeably to what has already been assumed. On substitut- 
ing these expressions in the above equation, the limits of 
the new variable z will be =& infinity ; for « having been 
supposed infinitely small, z must become infinitely great 
when 6==. Now since p» and v are infinitely great, p—t 
and y-+-4 become sensibly » and v, whence we have 


2 
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eae — 3) OT __ pe — +4)4,/=T oe (eo? I —e~2z/=1) 
= peta, /' —lsinéz. Again, by reason of 6=ez, we have 
dé=edz ; and « being infinitely small, 6 must be a very 
small arc, therefore $6 may be taken for sin 36, whence 
dé sin }6=2dz-—z. By means of these transformations 
the expression for Q becomes | 
Q=- on tee Xe VN —! sin ae. ead 

tJ a z 
and denotes the probability that the sum of the / values of 
A will lie between ~=8. 

116. It is now necessary to assign a value to the product 
denoted by X. Since the number of possible values of A 
between a and 5 has been supposed infinite, the chance of 
obtaining any given one of them, as 2, in a single trial, is 
infinitely small. Assuming this chance to be a function 
of x, and to vary in the different trials, let it be represented 
by ¢,2 in respect of the nth trial. In order to preserve 
continuity in the values of A, this must be understood as 
signifying that d,«vdz is the infinitely small chance that the 
value of A given by the mth observation will lie between 
xand2+dzx. The function ¢,7, therefore, represents the 
law of the facility of the different values of A. It is posi- 
tive for all values of x between a and 6, and vanishes for 
all values of x less than a or greater than 6; and it is im- 
portant to remark, that whatever number 2 may be, the 
integral /p,«vdx taken from wa=a to x=6 is always equal to 
unity ; for since every observation gives a value of A be- 
tween a and 6, the sum of all the probabilities in respect 
of each observation must be unity or certainty. From this 
assumption, then, we have $,x%dz=p,, },xdx=py...... 


¢,xdx==p,, whence the sums sp,eun = (113) are changed 
I 
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into definite integrals; and therefore, since 6=ez, x==te, 
and consequently 76==«z, we obtain for the value of X, 
X= ferN¢ ade few V4 ade... fen  ¢,0dx, 
the limits of the integrals being z=a and x=6. 

By reason of &*N—!= cos za-+-4/—I sin zx, each of 
these integrals may be expressed in terms of the cosine and 
sine of zz. The mth, for instance, becomes /¢,# cos za.dx 
rere A —1/¢,# sin zx.dx. Now since {¢,dx=1, (from a=a 
to x=b), and ¢,a can have only positive values, each of 
the integrals is less than 1; whence we may assume 

Hi ?,2c0s zx.dx = Ry, COS rns ve frie sin zx.dx = Rasinr, ; 

R,, being a positive quantity, and 7, an angle having al- 
ways a real value. This gives 


fe J 1 p, cdv=R,(cos ry—s/—1 sin 7, )=R,e V —1 ; 
whence substituting successively for 2 the numbers 
1, 2, 3...2, and for the sake of brevity making 
We Rx Bx Kees eas 
YP AN aE grccreecsceee Tay 
we get X= Ye" V-T; and the expression for Q becomes 
Q= LTS yCy—¥2) NAT gin az « sat 
7 Zep) Zz 
117. The integral in this last expression is equivalent to 
two others, namely 


f. _ficosty-ya)sinae-S ST panes Van Geant 


z° 


Now, on attending to the nature of the quantities repre- 
sented by Y and y, it will be manifest that according as 2 is 
positive or negative, 7,, and consequently y is positive or 
negative, while Y is positive in all cases, since R,, is always 
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positive. Hence cos (y—yz) is always positive, and the ele- 
ments of the first of the above integrals having thus the same 
value and the same sign for the same value of z, whether z 
be positive or negative, the value of the integral from — co 
to -- © is the double of its value from 0 to ©. On the 
other hand, since y and z have both the same sign, 
sin (y—wz) is positive or negative according as z is positive 
or negative, and the elements of the integral into which it 
enters being equal for —z and +z, but having contrary 
signs, destroy each other, and the integral from z=—o to 
to x=-+ vanishes. The expression for Q is therefore 
transformed into : 


2 £2 | 
Q=- of Y cos (y—wz) sin 62. 
“us 0 


118. The formula now found cannot in general be integrat- 


dz 
mK 


ed by any of the known methods, but in the present case the 
quantities denoted by Y and y are such that an approxi- 
mate value of Q may be obtained, which will always be 
more nearly equal to the true value as 2, the number of 
observations, is increased. On adding the squares of the 
two quantities represented by R, cos 7, and R,, sin 7, we 
get | | 
R,’=(/¢,« cos zz.dx)?+(fo,2 sin zx.dr)?. 

If z=0, this becomes R,=/¢,xdx, whence by (116), R,=1. 
When z has a real value, then it may be shewn that R,, 
is less than 1; for let x’ be any value of A different from 
x, then as 2’ can only vary from as a to 5, we have obviously, 
Sort! cos zx’.dx'=/$,x cos zx.dzx, and /9,2’ sin zz’.dz’/=/ x sin zx.dz» 
and the above equation may be put under this form, ~ 
R?,= fone cos 2x.dxfonx’ cos zx 'dx' +f0,x sin 2x.dxf$nz' sin 2x'dz, 
whence 

R*,=f/$,2o,% cos 2(v—wx’ dada’. 
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Now, excepting the case in which z=0, this double 
integral is always less than //h,«d,2’dxdx’, or less than 
(/>,xdx)*, and consequently R,, is less than /p,vdx, that 
is, less than unity. Since, then, it has been shewn that 
R,, is equal to unity when z=0, and less than unity for all 
other values of z, and since Y is a quantity of the order R,’, 
it follows that Y must diminish with great rapidity when z, 
or its equal 6-« differs sensibly from 0, and even for very small 
values of z becomes insensible when / is a large number. 


tan expression which 


We may therefore assume Y=e~_ 
is equal to unity when 6=0, and diminishes rapidly as 6 is in- 
creased, and becomes zero when 6@ is infinite. 
119. For the sake of abridging let us assume 
k,=fro,cdz, kh’ =fx*d,xda, ki =fx'h,xdx, &c.- 

(the integrals in respect of 2 being always from x=a to 
x=b). From known formule we have 

Cos 20==1 — + ghee sin zx 2x + &c.; 
substituting these series for cos zz and sin za in the inte- 
grals fp,x cos za.dx and fo,« sin zx.dx, and also k,, k’,, k’’,, 
&c., for the values they have now been assumed to repre- 


sent, then, from (116) we have 


R, cos7,=1 zs k’ ofl bts &c 
n | Nema: og EE 2 ats a PERE : 


23 
2.3 
and it will be seen presently that all the terms involving 


dee + &e. j 


R, sin 7,2 2k, — 


higher powers of z than the cube may be neglected. Add- 
ing together the squares of these two equations, we get 
R,?=1—z?(h',—k?,) 4+-24f— &c.; whence 

R,=1—42? (k',—k’,) +24f/— &e. ; 
J being independent of z. On dividing the second by the 
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first, there results tan 7,=zhk,—}2°k"’, 4+ 425h, hk’, — &c. 5 
whence by reason of 7,= tan 7,—} tan°r, 4 &c., 
r,zk,—i2> (k",—3h,k’, 4 2h,*) + &c. 
If, therefore, we make 
Cy (R,—R?n)s Gn hz7 (R".—3h, P+ 2h,7), | 
the values of R, and r,, become respectively 
R,=1—27c, ++-24f’— &c.3 r,=zk,—z*9,-+ &c. 

Now, by hypothesis (116) Y=R, xR,.xXR,...... Ry; 
therefore log Y= z log R,== log (1—2’e, 4+ z4f’— &c.)= 
—z {2°c,—21( f’—Ac,)— &c.} (by reason of the formula 
log R,=R,—1—43(R,—1)? + &c.) But we have alsoassumed 
274 rac ae hence log Y=—6?, and consequently 
== {z%c,—24 (f’ —4e,)— &e.$ In like manner, since 
Yr ito tts $7 = =r, therefore y= 2zk,—Zz5g,+ 
&c. Now, the sums & include all values of ¢,, k,,, g,,, from 
n=l to n==h; let the mean values of those quantities, 
therefore, be denoted by ¢, &, g, that is to say, let 

PC he, Sh WG 29, =—kg, 

and make also hf’==(f’ —4c,), and we have 6?=2"hc— 
zihf’’ +. &c. By reverting the series the value of z is found 

6 ge 
nays SS Te 
But the second term of this series, being divided by h/h, 
and h being by supposition a large number, is very small in 


in terms of 6; namely z= 


comparison of the first, and may be neglected as insen- 
sible. All the succeeding terms of the series are divided 
by higher powers of 4, and may therefore be rejected a for- 
tiort. Confining the approximation, therefore, to terms of 
the order 1~4/A, and rejecting all those into which A or 
its powers enters as a divisor, we have z=!+4/(hc), and 
likewise dz——-z—=déd—~ 6. 

From (116) we have also y=37,==22h,—27=g,+ &c., 
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therefore in consequence of the above transformations, y= 
chr—z*hg + &c.; and on substituting for z its value just 
found in terms of 6, y=hb/(h—+-c)—g? +er/(he), and 
consequently y— Wz = (hk—w) 6 + / (he) —g6> ce / (he). 
In order to deduce from this an expression for cos (y—1z), 
let w and v denote any two arcs, then by trigonometry, 
cos (u—v)==cos u cos v-++ sin usin v. Suppose v to be small, 
and let its cosine and sine be developed in series and sub- 
stituted in this equation ; it will become 


2 5 
cos (u—v)=cos u— _ cos u+ &c. + sin u— 33 sin u+ Ke. 


whence, making u=(hk—p)6+—4/(he), v= 705 +c/(he), 
and rejecting as before terms of the order 1+-h, we have 


Caps open, Oa aan), aancaiaen Be 
cos(y noe epi Day tt i Coe ana [porno +4 EN 


If we now substitute the values of Y, 2, dz, cos (y—yz) 
found in the last three paragraphs in the value of Q (117) 
we obtain the following expression in which the largest 
terms omitted are of the order 1+, and which therefore 
is more accurate as / is a higher ee ViZe 


A. 56 dé 
=-f, é “cos § (hk—) — shy sin WIC ORTE 


2 od &6 
ze sy 0 a “sin { ee “VF pi V/ (hey 
120. As no restriction has yet been made with respect to 
the value of yy, excepting that it isa mean between peand ve, 
and therefore included between ha and hd (115), let us 
now assume ~y=/k. This gives cos (hk—w)=1, and sin 
(Ak-y-)=0; and the equation becomes 


= aes —" . 8 dé 


67d. 
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which is the probability that the sum of the observed va- 
lues of A will fall between Lk==8. 

121. The last step in this investigation is to reduce the 
integral now found to a known form, which may be accom- 
plished as follows: Let « be a new variable, then by means 
of the trigonometrical formula cos uxiciw Ajde Vv ae 
fe "cos Ub.dd=% fe pe vee dé +-4 eI =T ato, 
But -—¢? 4 ub, / 1 = —ju?’—(6—gu,/_])"s assume 
therefore, v= d— du Ae ge (whence dv = dé), then 

aa /=1g9 alow dv = fe" fe dy, 
When 6=90, then v = lie a. and when @ is infinite, 
v is infinite; therefore, if the integral in respect of 6 be 
taken from 6=0 to 6 = o, the integral in respect of v must 
be taken from v= —ju ,/_] tovu= om. § 

If we now suppose x to be negative, we shall have in like 
manner 4 foe J “gale fa. dv, the limits in 


this case being fromv = +3u,/_] tov=o. Hence 


Se "cos u.dé = yet ( fe do fe” de) 
But the sum of the two integrals on the right-hand side of 
this equation, the first being taken from v = —ju,/—] 
to infinity, and the second from v = +4 3u,/__j to infinity, 
is obviously the double of S' ¢ dv from v=0 to v= &, or 
(96) equal to 4/7; and we have therefore 
Sore © cos ub.db=4i/ me 7" if 

Let both sides of the equation be multiplied by dw, and 
integrated from u=0 to u=d—/(he)=w’ ; then observ- 
ing that /‘cos (w6)dé = sin (ué)+6, we shall have 


sin —. = du. 
2A e—# sin Wie 2 ive ft € 5. au 


li ai gag cara p 
ree 4 on net 
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Comparing this equation with that in (110), we find 
Q=(1-+- V7) ew du. Now, let w==2¢, and let r be what¢ 
becomes when u==u’/==5--/(he); then 1u2=¢?, du=2de, 
5+ /(he)=2r, or 6=2r4/ (he), and we have, finally, 


2 ee 2 — 
Q=—= rE is “dt, or, Q=—]— WV % . e—t?dt, 
0 a 


for the probability that s, the sum of the observed values of 
A, will be comprised between the limits ~—é and y+, 
thatis, between Ak==2r74/ (he); or, that the arithmetical mean 
of all the observations, namely s-+-h, will lie between 
k==2rV/ (c+h). 

122. The expression now found for Q is that which in 
(96) was denoted by ©, and of which the table gives the 
values corresponding to the different values of r. The ge- 
neral result of the investigation is, therefore, that whatever 
be the nature of the function ¢,a which represents the law 
of the facility of the different values of A, if a large num- 
ber of observations be made, the sum of the values of A, 
divided by the number of observations, approaches continu- 
ally to a certain special quantity £ (which is the true mean 
value of A) as the number of observations is increased, and 
that by multiplying the number of observations, a probabi- 
lity © may always be obtained, approaching as nearly to cer- 
tainty as we please, that the difference between the arith- 
metical mean or average of the observations and the true 
mean value of A, will be comprised within limits which may 
be made as small as we please. 

The analysis employed in the preceding articles, (113 
to 121), for the purpose of establishing this very impor- 
tant result, belongs to Poisson, and is given in nearly the 
same form in the Recherches sur la Probabilité des Juge- 
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ments, chap. iv., and in the Additions to the Connaissance 
des Tems for 1832. We have preferred it to the method 
followed by Laplace in the Théorie Analytique, as being 
somewhat simpler and also more general. 

123. In order that the limits 274/(he) may be real, it is 
necessary that the special quantity c be positive, a condition 
which has hitherto been assumed. Now, since cc, —A, 
it is obvious that ¢ will be positive if ¢,—=3(%’,—k?,,) be po- 
sitive. On writing for ’’, and &, their values (119) we have 

2¢,=/xh,rdr—(_ fxd, cdr)”, 
the limits of the integrals being always from z=a to x=. 
But it is evident that no change will be made in the values 
of these definite integrals (the limits continuing the same), 
by substituting in them any other of the possible values of 
A, as 2’. We have therefore /2’?,2'dx’=/xp, dx, and since 
in all cases /,2’dz'=1, the above equation may be other- 
wise written 

2¢,==/2',tdx {0,c'dx’—fx0,xdx fu'?,x' dx, 

whence 2¢,=//9,70,0'(«?>—aa')duda’, | 
or 2¢, =O, tp,x (2 7*—2x'x)dzdx’. 
Adding together the two last equations, there results 

4c,=[]0, 0,2 («—x’)*dxd2’, 
a quantity which is necessarily positive, and can never be 
zero so long as 2 can have different values. 

124. The special quantity & to which the average of the 
values of A continually approaches, is connected with the 
centre of gravity of the area of a curve by the following rela- 
tion. Let x and y be the co-ordinates of a curve, of which the 
equation is y=#¢,« ; then the element of the area is ¢,dz. 
But (116) ¢,adzx is the infinitely small probability that the 
value of A in the xth observation will lie between a and 
x-+dzx; therefore the element of the area of the curve 
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represents this probability, and the curve itself represents 
the law of the probability of the different values of A in re- 
spect of the mth trial. In like manner, the curve whose co- 
ordinates are # and (1--h)=@,,7, represents the law of the mean 
probability of A in respect of the whole series of observa- 
tions. Now, if 2; be the absciss of the centre of gravity of 
any curve whose co-ordinates are z and y, the well known 
formula of mechanics gives x,==/yadr-+—/ydx; therefore, 
applying this formula to the curve of the mean probability, 
and making the whole area (/ydx from e=a to r=b)=1, 
the absciss of the centre of gravity is a=(1-+-A)2/x9,vda. 
But this isthe quantity denoted by 4 (119); hence the spe- 
cial quantity to which the average of a large number of ob- 
servations indefinitely approaches is the absciss of the cen- 
tre of gravity of the area of the curve which represents the 
Jaw of the mean chances of A. 

125. It has been assumed in the foregoing analysis that 
A is susceptible of an infinite number of values, increasing 
continuously from a to 6. The results, however, are easily 
adapted to those cases in which the number of possible va- 
lues of A is finite. Suppose A to be a thing susceptible of 
only d different values, represented by a1, @,, dz.+++++G,, 
and let the chances of these values, which may be different 
in the different trials, be respectively y,, yo) Yy5+++Vs 
in respect of the zth trial. Now, suppose 9,2 to be a dis- 
continuous function, which vanishes for all values of x, of 
which the difference from one or other of the above values 
of A exceeds an infinitely small quantity ¢; then the whole 
integral /?,7dx from xa to r=b, will be made up of a 
series of d partial integrals /?,«dx taken between the limits 
a,—e, the sum of which will be unity, since one or other of — 
the values of A must necessarily be given by the trial. But 
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. the integral /?,7dx between the limits ae is the expres- 
sion of the chance that the value of A given in the zth trial 
will lie between a,=Ke ; whence for those limits /9,v1dr=y,. 
Now the difference «—a, must be infinitely small, since it 
cannot exceed «; we may therefore substitute a, for x, and 
a,” for «? under the sign of integration, when the limits are 
a,;—te,so that for those limits we have /2?,¢dxe—a, /0,¢dx—= 
ya On writing for ¢ all the different numbers 1, 2, 3......, 
and observing that the \ partial integrals thus formed make 
up the whole integral /xv@,adz from «=a to r=b, and that 
therefore their sum is #,, we have, in respect of the ath trial, 

Ry OY gbo FY 545 ore HY, 5, 
In like manner, for k’,==/x?0,«dx (from a to 6), we have 
BZ Ay bY 2g PY 5U5 er AYAG?E 5 
so that the two special quantities & and k’ become 
| R=(Q1A)E(y 14, +7eq +545 .0 +4, ), 

Ba (LPA)E(7 Oy? $7 90g? HY 515 vere bY,G,”)s 
the sums = extending to all the / values of 2, or to all the 
trials, the chances denoted by y,, y,, &c. being supposed 
to vary in the different trials. 

126. When the chances of the different values of A are 
equal and constant, then y,=1--, and the above values of & 
and k’ become 

k=(l+A)(a, +a, 44; ..... +4,), 
W=(1+d)(4,? + 4,7 +4,”......4, 2), 
so that & is the arithmetical mean of the possible values of 
A, and #’ the mean of the squares of those values. On this 
hypothesis, therefore, & and k’ may be computed a priori, 
and consequently the limits determined within which there 
is a given probability @ that the average of A observations 
will fall, the limits being k=2r 4/(e+h,) wherec=3(h’—h?). 
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“ ‘When the chances of the different values of A are un- . 
equal, but constant in the different trials, then A=,, and 
k’=k’,, and we have 


h=7,4, +yo@o r3G, ..... +,4,, 
os 2 ‘ 
Ray 1° +7,0," +734," ...... +7,4,”. 


In this case the special quantity £ to which the average of the 
observed values continually approaches, is the sum of the 
possible values, each multiplied into its respective proba- 
bility; and 4’ is the sum of the products of the squares of 
those values into their respective probabilities. 

127. Resuming the consideration of the general formula 
in (121), we shall now give an example of its application 
when the function which rgpresents the law of facility 
of the different values of A is supposed to be known a 
priori. 

Of all the hypotheses which may be made respecting the 
law of facility, the simplest is that which supposes the 
chances of all the possible values of the thing observed to 
be equal, and to remain constant during the series of trials. 
This supposes ?,*=@x=a constant ; whence /?xdx, be- 
tween the limits =a and =6, becomes (b—a) gx. But 
between those limits we have also fovdv=1; therefore 
?x=1+(b—a). From this value of $v it is easy to deduce 
the special quantities k and k’. On the present hypothesis 
k=k, andk’=k’,; therefore, the limits of the integral being 


2 2 
x=a and x=b, we have k=fxordx= obstalee eee 


b—a 2(6—a) 

4(6+a), whence k?=}(b-+-a)’. Inlikemanner h’=/x’9adx 
2 

becomes — (6?4-ba+a"); whence c=}(k’—k’) 


=}(0’+ba+a’)—1}(b+a)*. Hence by (121) we have 
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the probability © that the average value of A given by h 
observations, or the sum of the values of A divided by their 
number, will lie between 

} (B44) es Wry {02 $ba4a2)—} (ba) aVh. 

128. This formula may be applied to the following ques- 
tion. Of the comets which have been observed since the 
year 240 of our era, the parabolic elements of 138 have 
been computed, and the mean inclination of their orbits to the 
ecliptic is found to be 48°55’.. Now, supposing every possi- 
ble inclination of an orbit to be equally probable, let the 
probability be demanded that the mean inclination of 138 
orbits will not differ from 45° (the mean of the possible in- 
clinations) more than 5° in excess or defect. 

In this case the limits of the possible values of the phe- 
nomenon are 0 and 90°. We have therefore a=0, J—902, 
h==138, and the above limits of the error of the average, 
become 45° >= 7 X 90°+4/(6 X 138). In order that 
the limits may not exceed 5°, we have to determine r from 
the equation r x 90° +7 (6 x 138) 5°, which gives 
7=3V 23; whence 71-6 very nearly. The tabular value 
of © corresponding to r=1°6 is -97635, or nearly 415 and 
the odds are therefore 41 to 1 that on the supposition of all 
inclinations being equally probable, the mean inclination of 
138 comets would fall between 45°=>=5°, that is, between 
40° and 50°. The mean of the inclinations actually com- 
puted falls within those limits (being 48° 45’); there is 
therefore a very great probability that whatever may be 
the nature of the unknown causes which determine the 
positions of the cometary orbits, it is not such as to render 
different inclinations unequally probable. 

If the question had been to assign the limits within which 
it is as probable that the mean of the inclinations will fall 
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as not, we should have had 6=4, and consequently (from 
the table) t=='476936, and the limits would have been 
45°>=90° x -476936--(6 X 138), which is found on cal- 
culation to be 45°>=1%5. On the supposition, therefore, 
that all inclinations are equally probable, it is one to one 
that the mean of 138 inclinations will fall between 433° and 
and 464°, or at least not exceed those limits. 

129. On the same hypothesis of an equal probability of 
all possible values, if we suppose the mean value of A to be 
0, we have then a=—b, and 92 becomes 1+2.a, whence 
the limits corresponding to a given value of © (127) become 
O==27b: V(6h). Let e=1, whence 7=°476936, and 
suppose h=600. With these values the limits become 
0=='0166 nearly ; that is to say, it is an even wager that 
the average of 600 observations will not differ from the 
true mean value of A more than the sixteen-thousandth part 
of a or b, what is the greatest possible difference. 

130. As a second hypothesis, suppose the chance of a 
given value of A to decrease uniformly as the magnitude in- 
creases from 0 to --a; then vw will be found as follows - 
Let ¢x=8 when a=0; we have then by the hypothesis 
ox: B=(a—a):a, whence ?xr=(a—x)8—+a, and conse- 
quently /g2dx=Bx—fu? +2 a, which, from r=0 to e=-La, 
becomes 36a. But f¢adx from x=—a to r=+a is 1 
(errors beyond those limits being supposed impossible), 
therefore from a=0 tor= +a, f¢adx=4, and consequently 
3ga—t,orB=1+a. Hence¢r= (a—x)-+-a’, from which the 
value of c¢ is easily deduced, that of k being 0, as in the 
former case. . 

131. Although the function ¢# which represents the law 
of facility of the different values of A is in general unknown, 
its form may be assigned if we assume that it is subject 
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to certain conditions, which, from the nature of the 
thing, must be very nearly, if not absolutely true, in most’ 
practical cases: Ist, That the chance of an error dimi- 
nishes as the magnitude of the error increases, and for er- 
rors beyond a certain limit vanishes altogether; and, 2d, 
that positive and negative errors, of equal magnitude, ar 
equally probable. The last condition is equivalent to the 
assumption that the average of the observed values is the 
true mean value. For simplification, we suppose the chance 
of an error of a given magnitude to remain constant in all the 
trials. 

132. Let x, 2’, x”, &c. be a series of values of A, the sum 
of which is s, and the number /, and make m=s--h, then 
m is the arithmetical mean or average, which by hypothesis 
is the true value of the phenomenon A. Let x—m=a, 
@ —m== A’, 2 —m= A", &c:, so that A, A’, A”, &c. are the 
errors of 2, x’, x”, &c. Now, the most probable single er- 
ror is 0; and the probability of obtaining an error of a given 
magnitude A in any observation is obviously the same as 
that of obtaining a given value of wv; therefore @r7= 
9(x—m)=A; so that 9A is the probability of a single error 
being exactly A. In like manner, the probability of an error 
ror =A’ is 9A’; and if we take P to denote the probability 
of a given system of errors, A, A’, A’’, &c., then the errors 
ee supposed independent of each other, we have (7) 

=A. QA’ . OA”, &e. 
Let this system be assumed to be the most probable result 
of the observations, then P is a maximum, and its differen- 
tial co-efficient zero. Taking the logarithms of both sides 
of the equation, differentiating, and making d log. @A=0’ Ada, 
and dP-+-da=0, we obtain 
O=9’A+9'A' + 9'A"-+, Cy 
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an equation which may be otherwise written 
Q’A QA’ oA” 

“ +A -—G + A” A” +, &e. 

This is the conditional equation of the most probable sys- 

tem of errors. But the hypothesis of the average being 


O==4 


the true value, furnishes this other equation, 
0—=(a—m) + (a’—m) + (2”—m) +, &e. 
or, which is the same, O=A + A’-+-A’’4., &c. ; and on com- 
paring this with the above conditional equation, it is evi- 
dent that they can only be both true simultaneously on the 
supposition of ce = Cae Ces =, &c. Hence it follows 
A A A 
that 9’A-+A is independent of any particular value of A, or 
is equal to a constant, which we shall call K. We have then 
Q’A d.log. QA 
—=—__-——_ =K. 
A AdA 
The integral of this expression is log. PA=3KA* + const., 


which, making the last constant = log. H, and passing to num- 


bers, gives PA= Heo 


mine the two constants H and K. With respect to K, as 


It now only remains to deter- 


we suppose the most probable value of A to be 0, and that 
g@A diminishes as A increases, it is obvious that K must be 
negative. Assume 4K =-—-y, and the formula becomes 
gA=He—v4*, For the determination of H we have the 
equation /?AdA=1, the limits of the integral being —a’ and 
+a’, where a’=1(b—a), a and 6 being the limiting values 
of x. But it is to be observed, that as all values of A ex- 
ceeding the limits =— a’ are supposed to be impossible, or 
at least to be so improbable that it is unnecessary to take 
account of them, the value of the integral /gAdA from 
A=—a’ to A=-+d’ will not be altered by extending the 
limits from — infinity to 4+ infinity. We have therefore 
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St? 9AdA=1. Let A=t+/y, then dA=dt~v/y, and 


gA—=He—4?—He-~?, on substituting which in the last 
equation, and observing that from ¢==—o tot= 4+ 0 
we have fe-?dt=/n (96), we find (H+4/7)/7=1, and 
H=V/(vy+7). Whence, finally, QA=/(y+n)e—7>"’. 
133. The general properties of the function now found 
may be illustrated by means of a curve line. Let aNd be 


Q Qg 


a b 
A | a M. PP B 


a curve of which 9A is the ordinate corresponding to the 
absciss A. Let AB be its axis, and MN its greatest ordi- 
nate. Suppose the origin to be placed at M, draw PQ an 
ordinate at any point P, and pq indefinitely near to PQ, and 
make MB=a’, MA==—a’, MP=A, and PQ=9A; then 
as was shewn in (124), PQgp, the element of the area, repre- 
sents the chance of an error lying between A and A+-dA, that 
is,of an error greater than MP but less than Mp. Now, ifgA= 
J (y--n)e—7v*? the function will not be changed by chang- 
ing A into —A; therefore gA =?(—A), and the curve is 
symmetrical on both sides of MN, as it obviously ought to be 
according to the hypothesis ; foron making MP’—=MP, then 
positive and negative errors of equal magnitude being equally 
probable, we must have P’Q’==PQ. Again, since ear? 
diminishes rapidly as A increases, the curve at a short dis- 
tance from MN must approach very near to its axis AB; 
but as the function only vanishes when A is infinite, the curve 
will not meet the axis at any finite distance from MN. This 
curve, therefore, can only represent approximately the law of 
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facility, inasmuch as it is supposed that errors beyond a cer- 
tain limit are impossible ; but on account of the rapid dimi- 
nution of the ordinate at a short distance from MN, the 
chance of an error exceeding a small value of A, as MB, 
becomes insensible. Hence the limits of the integrals in 
respect of A may be extended without sensibly altering their 
values from Arta’ to A==tq@. 

134. It is now necessary to find the special quantities 2, 
k’,ande. Substituting A for 2, and observing that as the 
law of the chancesis here supposed to remain constant, we have 
k=h,, k’=k’',, the formule in (119) become k=fA@?AdA, 
=f A?9Add. Hence onmaking QA=W/(y-+-7)e—7>", we 
have 


ne fae 
aw 2y : 


When A becomes infinite, this becomes 0, therefore from > 


A=—o to A=-+ oo, k=0. This is an obvious conse- 
quence of the symmetry of the curve, for the centre of gra- 
vity is necessarily in the straight line MN. 

With respect to k’ we may proceed thus. We have 
=f pada = VJ (y-+-0) J Aze—7"ds. But from the 
principles of the differential calculus, 

d. de eA da — Dy A2e— 1 da, 
therefore, integrating and transposing, 

Uf ater das | yA? -= e—74* da, 

ay ay 
Now, from A = —o to A= + o, the term of this equa- 
tion which is not under the sign of integration vanishes, and 
fey da=/ (7-7) (from (96), on substituting ¢? for 
v2), therefore fA2e—74"da = (1 + 27)a/(m + 7); and 
consequently 4’=1—2y. 


AND LIMITS OF PROBABLE ERROR. 187 


In (119) we assumed e=3(k’—A?) ; therefore in the pre- 
sent case c=4%’, whence c=1--4y, or y=1-+4e. 

135. The expressions which have now been found for 
the function which represents the probability of an error, 
and the limits corresponding to an assigned degree of pro- 
bability, are given in terms of the indeterminate constant y 
(or ¢), which depends on the nature of the observation, and 
therefore, where instruments are requisite, on the goodness 
of the instrument and the skill of the observer. This con- 
stant is called by Laplace the modulus of the law of facility. 
It cannot, in general, be assigned a prior? ; but if we assume 
that positive and negative departures from the mean are 
alike probable, which is the most plausible hypothesis the 
nature of the thing admits of, an approximation to its value, 
in respect of observations of a given kind, may be deduced 
with great probability frum the results of a large series of 
observations of the same kind already made. We now pro- 
ceed to give the analysis by which this is accomplished, fol- 
lowing the method of Poisson. The approximation is carried 
only to quantities of the order 1+./h; terms having / for 
a divisor are neglected on account of their smallness, / 
being supposed a large number. | 

136. In the expression for Q in (119), suppose ~=5;, 
and consequently ~—d=0, ++ 5=28, and write also z for 
6--/(he); the ae then becomes 


Q= - a © cos (Akz—dz) sin 6z. = : 


+ —~ me sin (hkz—6z) sin 82 . 6°dé, 


7C “ (he) 
and Q is the ie that s, the sum of the values of A 
given by all the observations, will lie between 0 and 25. 
If therefore, we suppose 6 to be variable, the differential of 
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this expression taken with respect to 6, will express the 
infinitely small chance of the sum of the values being 28 
exactly. Differentiating, and observing that if u and v 
denote any two arcs, the trigonometrical formule give 

sin (u—v) sin v-+ cos (u—v) cos v= cos (2v—u), 

— cos (u—v) sin v + sin (w—v) cos v==— sin (2v—w), 
we shall find 


dQ 2d zdé 
2gd8 a pos 9 


Let ¢ be a variable quantity, and assume 28=hk + 2tV (he), 
whence di=dtW (he), and let the corresponding value of 
Sas be denoted by gdt, we shall have, on substituting 
: 2dt 
these values, and replacing z by 6+(he), qdt= — 
T 
© 2 
1 ie 2gdt cme ' 

fs e cos (26) dé HO) : e€ sin (2¢6) 65 dé. 

The two integrals in this equation are found from the 
formula in (121). Writing 2¢ for wu, that formula gives 

oe 9 
; fs e—* cos (2¢0)di—=4/7. eo; 
0 

and if this last equation be differentiated in respect of ¢, 
three times in succession, the result will be 


D ; : 
oy, oa sin (226) 65 ddb=1,/ 2(3te—* 2t5 e—t) ; 
Oo 


whence, if we make V= (3¢—2¢° ), we shall have 


cs Gia 

2er/ (he) 
gdt= (1-4/7) (l—V) e~*d, 

where V is a quantity containing only uneven powers of ¢, 

and of the order 1--, so that when multiplied by another 

of the same order, the product will be of the order 1~A, 
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and will therefore be rejected in the present approxima- 
tion. This value of qdé is the probability that s will be pre- 
cisely 28 or hk4-2t,/(he), or it is the infinitely small pro- 
bability of the equation 7 

shk+2tV (he). 

137. In order to apply this result to the determination 
of the probable limits in terms of observations actually 
made, it is necessary to remark that the analysis by means 
of which it has been obtained is grounded on the very 
general supposition that the thing to be measured may be 
any function whatever of the quantity observed ; for the in- 
finitely small chance of a particular value of the function 
is evidently the same as that of the corresponding value of 
the quantity, and is consequently ¢,adz. Let X therefore 
be a function of x, and let K, C, T, be what &, ec, ¢ become 
when X is substituted for x, the above equation then be- 
comes 
. SX=AK+42TV/(hC), 
the symbol = including all the / values of X; and the pro- 
bability of this equation is an expression of the same form 
as that which is represented by qd. 

138. Hitherto no restriction has been made with respect 
to @x ; we now introduce the hypothesis that positive and 
negative departures from the mean of equal magnitude are 
equally probable, and consequently that the curve repre- 
senting the law of facility is symmetrical, but shall sup- 
pose the chances of a particular value, or a particular error, 
to vary in the different trials. Let the origin be transferred 
to the centre of gravity, the absciss of which =, and let z— 
=A, 2 —k= A’ &c. We have then by (132) dGa=ga, 
Seprudx=f(Ago Ada, fx? pudx=fA*p Ad A, the integra- 
tion in respect of A being from — oto -+- ». The special 


9 
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quantities k and k’ then become k=(1+h)z fad, AdA 
=0, X/=(1+h)z fad, Ad A, whence 
c=(1+2h)3fa7h, AdA. 
The object is now to eliminate ¢,A, and determine e¢ in 
terms of the observations. 
139. Let \,,==z2 be the observed value of A in the mth ob- 


servation, then A,—A=A is the true error of the observa- 


tion. Let the function denoted by X in (137) be (A,—’)? 
==A’, and the corresponding value of K (since in this case, 
K=(1+A) 3 f X¢, dx) becomes K=(1-+-h) 2 fA’, Ada. 
Comparing this with the value of ¢ found above, we have 
K=2e; therefore on substituting these values of X and 
K in the equation (137), and assuming ?¢’ and ¢’ to be the 
values of T and C when X=(A,—A)’, we get Z (An —4)? 
=2he-+-2t’/(he’), whence 
e==(1+-2h)3(A,—k)?—2'U" (1) 
(U being a quantity of the order 1+-4//) ; and the probabi- 
lity of this equation is 
q'dt'=(1+/7)(1—V’ et dt’, 

where V’ is a function containing only uneven’ powers of 
d’, and of the order 1+A. 

In the equation (137) suppose X=z=2,, and let ¢” and 
ce’ be the corresponding values of T and C, then since on 
this supposition K=A, the equation becomes 3),=hk+ 
2t/’/ (he’’), whence 

hk=(1+hA)20,—tU"”, (2) 
(U” being of the order 1--4//); and the probability of this 
equation is 
q’dt"=(1-+ of t)(I—V" et de”, 
where V”, like V’ and V, contains only uneven powers of 
t” and is of the order 1+-/A. 
140. The two equations (1) and (2) may be regarded 
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as two distinct events, having the respective probabilities 
now assigned to them, and therefore the probability of their 
being true simultaneously is the product of their respective 
probabilities, and is accordingly (neglecting the product 
V’V" which is a quantity divided by A), 

qq dt’ dt" =(1--m)(1—V!—W" jee dt’ dt”. 

Let the value of & given by equation (2) be substituted 
in (1), and the expression now given will accordingly be 
the probability of the resulting equation, namely, 

= = TAn— = 2A, +2’U')P—#”"U"”. 

Let m=(1-—/)3),, then m is the average or arithmetical 
mean of the observed values, and ,—m the reputed error 
of the observation. The last equation will then become c= 
(1+2h) = (A,—m 4+2’U’)? —t’’U"; or, rejecting (t’U’)? 
which is of the order 1~A, 

c= (1-+2h)= {(A,—m)? +-2(A,—m)e’ U4 4”. 
For the sake of abridging let us also assume 
poo (1+h)Z(A,—m)*, v= (1 +h)2OA,—m)e, 
so that » is the mean of the squares of the errors, or mean 
square of the errors, and the equation becomes 
c=4du-+vU0’—0’U”, (3) 
the ArObabitity of which is q’q’’dt'dt’’. 

141. Now, by (121), we have the probability © that sh, 
or =\,,--A =m the arithmetical mean of the observed va- 
lues of A, will fall within the limits kq=27V(c--h). Sub- 
stituting in those limits the above value of c, and observing 
that (Ap4-U’ 2")? = (Su) + NOU’ — 0’U") + Be. 
and that U’ and U” being of the order 1+,/h, when di- 
vided again by ,/h are to be rejected, the limits become 

ka=27,/ (Su-+h), or ka=1,/ (2u-+h), 
and the probability of these being the true limits is © mul- 
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tiplied into the probability of the equation c=4y,+4-yU’/— 
t’’U’’; and is therefore (140) 
(1 +7)0(1—V’—V"" ee" dtd”. 

142. The expression now obtained is the infinitely small 
probability of the limits Aq=r,/(2u~+A) of the average m, 
in respect of the particular value of s, for which we have de- 
duced the equation (3). But for every value of s between 
the limits 0 and 26, there will be an equation correspond- 
ing to (3); therefore, in order to have the whole proba- 
bility of those limits, the integral of the expression must 
be found for all values of ¢ and ¢’. From the nature of 
the expressions e—*? and e—*’? as well as the consideration 
that errors beyond a certain magnitude, though possible, 
are wholly improbable, it is evident that the integration may 
be extended without sensible error from — o to -- 0; and 
since the functions V’ and V” contain only uneven powers 
of ¢' and ¢’’, the terms into which they enter, disappear in 
the integrations between those limits. (See Lacroix, Calcul 
Diff: et Integral, tom. iii. p. 506). Now, from ’’= — 
to t’= + © we have (96) fe-“"dt’=,,/ #; and fe-"*dt"= ,/ x; 
therefore 

- 0 IW Wee eae =0. 

The result of the preceding analysis is therefore that on 
the hypothesis of positive and negative errors of equal mag- 
nitude being equally probable, and on rejecting terms di- 
vided by h (the number of the observations may be always 
so great as to render such terms insensible), we may sub- 
stitute $y for cin the limits of the error to be apprehended, 
without sensibly altering the probability, and consequently 


there is the probabilityo= — J. "e-Pdt that the true 
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mean value & ofthe phenomenon A will lie between the limits 
m= 2r,/(gu--h), or m=te=r,/ (2u--h), 
which contain only quantities given by observation. 

On this hypothesis we have also (138) c=(1—2h) 
3fa°,AdA, or, supposing the law of facility to remain con- 
stant during the trials, c=} /fa*pAdA, therefore p=/A? 
pAdA; that is to say, the mean of the squares of the actual 
errors may be taken for the sum of the products of the 
squares of the possible errors multiplied by their respective 
probabilities. It is important to remark that as the obser- 
vations become more numerous, the quantity », the mean 
of the squares of the errors, converges more and more to a 
constant quantity, and finally becomes independent of the 
number of observations. 

143. The limits now found may be otherwise expressed. 
By hypothesis, m=(1+)=\,=the arithmetical mean of 
the observed values, and p=(1-+-h)3(A,—m)’= the mean 
of the squares of the reputed errors. Now (A,—m)?= 
Ae? —2A,m-+-m*, and (1+-h) 2A,m=2m(1--h) ZA, = 2m? 5 
therefore p=(1--/)=A,2—m?, that is to say, the mean of 
the squares of the observations minus the square of the 
mean. Hence the limits, corresponding to a given proba- 
bility ©, of the difference between the average of all the 
observations and the true value, are expressed by either of 
these formule 

=t,,/{(2x mean square of errors-h}, 


=tr,/{2> mean square of obs——(mean of obs.)? }-- / 4%, 
h being the number of observations, and the relation be- 
tween © and 7 being given by the table. Generally speak- 
ing, the first of these formule is the most convenient for 


calculation. 
K 
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144. Let Z be the limit of the error to be feared in tak- 
ing the average of the observations as the true result, then 
l=r,/(2u+h), and t==1,/(h--2y.) Now when ¢ is con- 
stant, that is, for a given probability ©, the determination 
will be more exact in proportion as Z is a smaller number, 
and the precision will therefore be proportional to ,/(h--2y). 
Hence ,/(h-+-2y) is called by Gauss the measure of the 
precision of the determination. Suppose two series of ob- 
servations to have been made for the determination of an ele- 
ment, the comparative accuracy of the results will depend on 
two things, the number of observations in each series, and the 
amount of the squares of the errors in each. If the num- 
ber of observations is the same in both series, the precision 
of each result will be inversely as the square root of the 
sum of the squares of the errors, and the presumption of 
accuracy is in favour of that result with respect to which 
the sum of the squares of the errors is less than in the other. 
On the other hand, if the mean square of the errors is the 
same in both series, then the observations are alike good 
in both, and their relative values of the two results are di- 
rectly as the square roots of the number of observations in 
each series. Hence, in order that one determination may be 
twice as good as another, it must be founded on four times 
the number of equally good observations. These considera- 
tions are very important, in comparing tables of mean va- 
lues of whatever kind, for example, of the probabilities of 
life at the different ages, and in estimating risks which de- 
pend upon them. 

145. Astronomers employ the terms, weight, probable 
error, and meun error, of a result, to denote certain func- 
tions of ¢, the mean square of the errors. The square of 
the quantity which measures the precision of the result, is 
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called the weight of the determination. Denoting the weight 
by w, we have therefore 
w=h—2u=h? —25(r,—m)’, 

or the weight is equal to the square of the number of ob- 
servations divided by twice the sum of the squares of the 
errors. Substituting this in the expression of the limits, 
we have (=r ,/w, and r=1,/w ; that is to say, for a given 
probability ©, the limits of the error to be apprehended in 
taking the average as the true result are reciprocally pro- 
portional to the square root of the weight. When obser- 
vations of different kinds, or results deduced from observa- 
_ tion, are compared with each other, their relative weights 
(supposing the number of observations the same ) are inversely 
as », and are expressed numerically by taking the weight 
of a certain series of observations as the unit of weight. 

146.- The probable error of the determination is that 
which corresponds to the probability 0=3. For 0=} we 
have r=='476936; whence r,/2—°674489, and the formula 
m=t=r,/(2u—-h) becomes m=:674489 / (n+) ; whence 


probable error =674489 ,/(u+A). 


147. The mean error of the result of a large number 
of observations may be deduced from the general formula 
in (136) as follows. That. formula gives qdt=(1+,/7) 
(1—V)e—*dé for the probability that the sum of the ob- 
served values will be 28=hk +4 2¢,/(he) exactly. Di- 
viding the sum by 4, qdé is also the probability that the 
average value given by all the observations will be exactly 
k+-2t,/(e+h). Now, on the hypothesis that positive and 
negative departures from the mean are equally probable, 
and supposing the origin of the co-ordinates to be trans~ 
ferred to the centre of gravity of the curve of mean proba- , 
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bility, we have k=0, and gdt=(1+ ,/ x)(1—V) e~“d¢ is the 
infinitely small chance of the average error being 2¢,/(c+-h) 
exactly. Multiplying therefore this error into the chance 
of its taking place, and integrating the product from ¢=0 
to f=, we shall have the mean error, or mean risk 
of all the possible average errors affected with the positive 
sign. Now, observing that V represents a quantity divid- 
ed by ,//, and therefore when multiplied by 2¢,/(c+-h) 
becomes of the order 1-+-h, and may consequently be re- 
jected, the product of the average error 2¢,/(c--/) into its 
probability is 2,/(e+7h) x te~"dt; and since fte—?dt= 
3 fd.e—? =}e—", which from ¢=0 to t= © becomes simply 4, 
the integral of the above product from ¢=0 to t= is 
(c+7h). Substituting for cits value (142) =4y, this re- 
sultbecomes ,/(u-+-2zxh); whence on computing ,/(1+-2z7) 
we obtain | 


mean error of series =.398942,/(u+h). 


This is the mean error or mean risk in respect of posi- 
tive errors alone, or on the supposition that negative errors 
are not taken into account. But as positive and negative 
errors are equally likely, the mean error in respect of nega- 
tive errors is the same quantity, whence the mean error in 
respect of errors of both kinds is .797884,/(y-+-). This 
is usually called the average error. The mean error differs 
from the probable error in this respect, that it depends on the 
magnitude of individual errors, as well as on the proportion 
in which errors of different magnitudes occur. The proba- 
ble error is independent of the magnitude. 

148. When the quantity » (the mean square of the er- 
rors) has been found from a series of observations, the 
precision, weight, probable error, and mean error, of a com- 
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ing observation of the same kind are found by supposing 
h=1 in the above expressions, and are respectively 


precision . ; =,/(1+2z) 
weight. . =1+2p 
probable error . =.674489,/p 17 
mean error ° =.39 8942 ,/ p. 


149. The preceding formule give the limits of the error 
to be feared in determining the value of a quantity from a 
series of observations, when the thing to be determined is 
that on which the observations are immediately made. We 
have now to apply the formule to the cases in which the 
quantity sought is not observed itself, but is a function of 
several others, which are separately determined by obser- 
vation. The following problem is important : 

Let ube a given function of a number of unknown quan- 
titities, x, x’, x”, &c.; it is required to assign the limits of 
the probable error in the determination of U, and the 
weight of the result, when values of 2, 2’, #”’, found from 
observations independent of each other, and respectively af- 
fected with the probable errors ¢,/p, en/ p’, er/ pe”, &c. (e= 
674489) are adopted instead of the true but unknown 
values of those quantities. 

Let u=f(a, 2’, x’’, &c.) be the given function, i, Xr’, X”, 
&c. observed values of 2, x’, x2’’, &c. and make A—r=e, 
Nz! =e’, 0!’ —2""=e'', &c. 90 that e, e', e’’, &c. are the 
errors of observation, supposed to be so small that their 
squares may be rejected. Make = =sa, bes as = a 
&e., then a, a’, a’’, are given quantities; and on substitut- 
ing ae, a’ +e’, x” +e” for x, 2’, x’’, respectively, in the 
equation u=/(a, a’, a”, &c.), and supposing u to become 
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u-+-E when the substitutions are made, so that E is the 
corresponding error of uv, we have, on expanding u by 
Taylor’s theorem, 

E=—=ae-+a'e'+ a’el’+ &c. 
in respect of a single observation of each of the quantities. 
Taking the square of both sides of the equation, we have 

E?=ae*+a"e?+a/e?+ &e. +2aa’ee +2aaee’4+2a'a"e'e”+ &e. 
Now since positive and negative errors are supposed equal- 
ly probable, the sums of the products ee’, ee”, e’, e”, &c. or 
their mean values, become each =0; therefore 

Lh?=a*ke? 4+ a! re? +a" Se!" 4 &e. 
Taking the mean value of each of these sums, and observing 
that » the mean value of Ze? is independent of the num- 
ber of observations (142), and assuming M to be the mean 
value of ZE’, we get 
M=a2p-a’y! ta’p" 4 &e. 

This equation contains the solution of the problem, for 
all the functions of the error are given in terms of M. The 
probable error is °674489 ,/ M. 

150. Let W be the weight of the determination, and 
w, w’, w’’, &c. the weights corresponding to p, p’, yw”, &c. 
then by the definition of weight, w is reciprocally propor- 
tioned to », and W to M; and we have by substitution, 

a” a’? a’!? 
Wale(— 4 4 wc.) 
Tf the weights are supposed all equal, this becomes 
w 
“les a’ +a’? +a"? + &e. 

Suppose the errors e, e’ e’’, &c. to be respectively multi- 
plied by numbers proportional to the square roots of the 
weights, (which is equivalent to supposing all the observa- 
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tions to have the same degree of precision measured by 
J (pw)), then the value of M becomes 
M=a? pw +a pw’ a’’p!’w" + &e. 
But w being reciprocally as p, we have pwo=p’w’=p""w’", &c. 
=:1, therefore 
1 


w= Gia tae &e. 
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SECTION X. 
OF THE METHOD OF LEAST SQUARES. 


151. In the determination of astronomical and physical 
elements from the data of observation, the thing which is 
actually observed is for the most.part not the element 
which is sought to be determined, but a known function of 
that element. Thus, if V be a given function of X deter- 
- mined by the equation V=F(X), the quantity observed 
may be a value of V, whilst the element sought to be de- 
termined is X. If the observation could give the value of 
V with absolute accuracy, then X would also be absolutely 
known ; but as all observations are affected with certain 
errors of greater or less amount, owing to the imperfections 
of instruments or of sense, or the ever varying circum- 
stances under which they are made, an exact value of X 
cannot be found from any single observation ; and in order 
to obtain the utmost precision, it is necessary to employ a 
great number of observations, repeated under every variety 
of circumstance by which the result can be supposed to be 
affected. . 

152. The observed quantity V, instead of being a func- 
tion of a single element X, may be a function of several 
elements X, Y, Z, &c.; for example, V may be the posi- 
tion of a planet, in which case it is a function of the six 
elements of the orbit, for the determination of which the 
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observation is made. Each observation gives rise to an equa- 
tion of this form, V=F(X, Y, Z, &c.); therefore when the 
number of equations is just equal to the number of un- 
known quantities, the problem is determinate ; and suppos- 
ing F to be an algebraic function, the values of X, Y, Z, 
&c. may be found by the ordinary methods of elimination. 
If the number of equations is less than the number of un- 
known quantities, the problem is indeterminate; but if 
greater, it may be said to be more than determinate, inas- 
much as the equations may be combined in an infinite 
number of ways, each distinct combination giving a diffe- 
rent value of the elements. It therefore becomes a ques- 
tion of the utmost importance to the perfection of the 
sciences of observation, to assign the particular combination 
which gives the most advantageous results, or values of X, 
Y, Z, &c. affected with the smallest probable errors. 

153. As approximate values of the elements are in all 
cases either already known, or can be easily found, the ob 
ject of accumulating observations is the correction of the 
approximate values. Let V be the true value of the thing 
observed, V, an approximate value, however found, X the 
true value of the element sought, X, an approximate value, - 
corresponding to V,, so that we have the two equations 
V=F(X), V,=F(X,); also, let the observed value of V 
in any observation be L, and make 

e=V—L, EV,—L, ; 
then v is the true but unknown error of the observation, 
and / its reputed error, that is to say, the difference between 
the computed value of the function and the result of the 
observation. Now if we assume 2 to represent the true 
correction of the approximate element, so that X=X,+ 2, 
then, on substituting X,-+-2 for X in the function F, we 
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get V=F(X,+2); whence, expanding the function by 
Taylor’s theorem, and rejecting terms multiplied by a? and 
higher powers of x, because x is a very small quantity 
dV, 
V=V,+ ax * 

Let us now denote the differential coefficient, which is a 
known quantity, bya; then, observing that V—V,—v—, the 
equation becomes v=/-4-ax; that is to say, the true error 
of the observation is a linear function of the correction of 
the element. 

154. In like manner, when there are several elements, 
a ahs =D aye —< 

er Cee Me vA : 
&c. a single observation furnishes the equation 
wl 4-ax+ by +cz+4 &c., 


and a series of observations, whose errors are respectively 


x 25.7, &C:3- On. MAKing oe 


v, v', v", &c. gives a system of linear equations equal in 
number to the number of observations; namely, 


vl art by+cz+4 &e. 


Ul +aatb'y+ecz+ &e. (1) 
el al" Laat by+ec/z4 &e. 
&e. 


and the object is to give such values to 2, y, z, &c. that the 
errors v, v’, v’’, &c. in respect of the whole of the observa- 
tions, shall be the least possible. The equations being 
supposed independent of each other, if their number is just 
equal to that of the unknown quantities, the errors v, v’, v”, 
&c. can be made all zero; but if, as is usually the case, 
there are more equations than unknown quantities, it is 
impossible by any means whatever to annihilate the whole 
of them, and therefore all that can be accomplished is to 
find the system of values of z, y, 2, &c. which most nearly, 


OF LEAST SQUARES. 203 


and with the greatest probability, satisfies the whole of the 
equations. If the observations are not all equally good, the 
equations are supposed to be each multiplied by a number 
proportional to the square root of the presumed weight of 
the observation on which it depends, in order that they may 
all have the same degree of precision. 

155. As the question is to find the most probable values 
of x, y, 2, &c. the first thing necessary is to express each 
of these elements in terms of the observations. Suppose 
kh, k’, k’’, &c. to be a system of indeterminate quantities, 
independent of x y, z, &c. and let the first of the above 
conditional equations be multiplied by %, the second by #’, 
the third by 4’, and so on; then adding the products, if 
kh, k’, k’’, &c. be determined so as to make the coefficient 
of x equal to unit, and those of y, z, &c. each equal to 0 ; that 
is to say, so as to satisfy the equations 

ha + kh'd +h’a"’ 4 &c. =1 


kb +- kb’ 4h’b"” +. &c. =0 (2) 
ke’ + K'c' 4+. k''c”’ 4+ &c =0 
&c. 


we shall then have a=K-+-hvu-+h’e/ + hv’ 4+. &c. where 
K is a quantity independent of v, v’, v’, &c. Hence z is 
found =K, with an error =hv+h’v’ 4h’v''’ 4+.&c.; and the 
weight of the determination, by the formula in (150), is 
1 
R2 pk 4 R24. &ee 
consequently greater in proportion as k® +A’? +h’? + &c. 
is smaller ; and hence of all the possible systems of inde- 


The weight of the determination is 


terminate coefficients, k, k’, k’’, &c. which satisfy the equa- 
tions (1), the system which gives the most probable value 
of wz, or the most advantageous result, is that for which 
kh? 4k’? 4/2 4. &c. is an absolute minimum. — 
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156. We have now to find, in terms of known quanti- 
ties, values of the indeterminate coefficients k, hk’, k’’, &c. 
which satisfy the condition of the minimum. For the sake 
of abridging, let us denote the aggregate of the products 
aa+a'a’+a’a" + &c, by S(aa), that of ab4-a'b’ a/b" + 
&c. by S(ab), and so on, and also assume 

E=av+a’u' +a!'v"'+ &e. 
n=bu+b'v' +60" + &e. (3) 
(=cv-+e'r’ +e'v” + &e. 

On substituting in these equations the values of 2, v’, v”, 

&c. given by the equations (1), there results 

E=S(al) + 2S(aa) +yS(ab) + 2S(ac) + &e. 

n=S(61) +28(ab) 4+yS8(bb) 4+2S8(be)4 &e. (4) 

(=S(cl) + 2S(ac) +yS(bc)+4-2S(cc)+ &e. 
a system of equations equal in number to the number of 
elements 2, y, z, &c. and from which, consequently, those 
elements would be determined absolutely if the observa- 
tions were perfectly exact, that is, if the errrors v, v’, v’”, 
&c. were individually zero, and consequently &, 7, & &c., 
were each zero. On eliminating y, z, &c. from the last sys- 
tem, the value of 2 is given in terms of é, 7, 6 and known 
quantities by a linear equation of the following form : 

a=A+fi+gn+h(+ &e. - (5) 

where f; g, h, &c. are co-efficients independent of 2, y, 2, 
&c. and also of &, 7», & &c. 

If we now substitute in equation (5) the values &, n, ¢ 

&c. given by equations (3), and also assume 
axfa+gb+het+ &c. 
a=—f'd' +9'b’ +h'c + &e. (6) 
a f"al" 9b" + he! 4 &ce., 
we shall have by addition 
x=A+av-+a'e! av’ &e.; 
whence it appears that a, a’, a”, &¢. are a system of multi- 
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pliers by which y, 2, &c. are eliminated from equations 
(1); they must therefore satisfy the equations (2), whence 
at+a’a’ +a"a" +&ce. =1 
ab+-a’b’ +-a"b” +. &c. =0 (7) 
ac-+-a’c’ -a’e’ 4 &c. =0. 

Subtracting these from the equations (2) we obtain 
O=(k—a)a+ (h’—a’)a’ + (h’—a" a” 4- &e. 
O=(k—a)b +(k —a )b/ 4 (hk —a"’)b" 4. &e. 
O=(k—a)ec + (k —a )c’ 4+. (k”—a" Jc” + &c., 

on multiplying which respectively by ff g, 2, and adding 

the products, we get by reason of the equations (6), 
O=(k—a)a+ (h’—a’) a’ + (kh —a" a” 4 &e. 

This equation may be put under the form kh? 4k? +k? 4. &c. 
mn? ee’? a9 80, + (h—a)?-+( ha)? + (Rh —a") 24-800. 
from which it is evident that 2 +2/2 +224 &c. will be a 
_ minimum when k=a, k’=a’, k’’=ad’’, &c. Hence it. fol- 
lows that the most probable value of x which can be de- 
duced from the equations (1), is x=Aj; and by (150) the 
weight of the determination is 1+-(aa+a’a’ + a’a" 4 &c.)= 

1-+-S(aa). 

This quantity S (aa) is equal to f the co-efficient of é in 
the equation (5); for on multiplying the first of equations 
(7), by f the second by g, and the third by 4, and adding 
the products, we obtain by reason of equations (6), 

aa+a’a’ +-a’a’+ &c. =f. 

157. The method explained in the two last paragraphs 
of determining the most advantageous combination of a 
system of linear equations, of the form of those in (154), is 
given by Gauss in his Theoria Combinationis Observationum 
erroribus minimis obnoxie, (Gottingen, 1823). The prac- 
‘tical rule to which it leads is as follows : Having given a 
near value V of a function of several elements, X, Y, Z, 
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&c. and also a series L, L’, L”, &c. of observed values of 
V, make (V—L),/w=v, (V—L’),/w’=v’, (V—L”),/w’, 
=v", &c. and form the equations in (1). From these equa- 
tions (4) are easily deduced; and from these, again, by 
elimination, are found the values of x, y, z, &c. the correc- 
tions of the approximate elements X, Y, Z, &c., in equa- 
tions of the form (5), which, for the sake of symmetry, may 
be thus written : 3 
w= A+ (aa)é-+(aB)y $ (ay) Cop &e. 
y=B-+-(a8)E+(88)n + (By)¢+ &e. 
z=C-+(ay)é + (By)n + (yy )o-+ &e. 
then the most probable values of x, y, z, &c. are respectively 
A, B, C, &c.; the weights of the determinations respectively 
1 ] 1 
(aa)’ (88) Gy)’ 
veral determinations are p,/(aa), pr/(88), pr (yy), &e., 
where p="476936. 
158. The values of 2, y, z, &c. now deduced are obtained 


&c. ; and the probable errors of the se- 


immediately, by supposing the sum of the squares of the 
errors of observation to be a minimum. Thus, forming 
the squares of the equations (1), and making Q=v? v0’? 4 
v2.4. &c., the differentiation of 2 in respect of each of the 
variables x, y, z, &c. produces the quantities denoted in 
(156), by & n, & &c. that is to say, it gives 
a = 2¢, i —2n, 2 —2¢, &e. 3 

therefore if Q be a minimum, &, 7, ¢, become severally 
zero, and the equations (4) give by elimination, a=A, 
y=B, z=C, where A, B, and C denote the same quantities 
as above. Now from equation (5) the general value of is 


x=A + (aa)E+(a8)n+(ay)g 


and the most probable value being x=A, it follows that 


* 


OF LEAST SQUAUES. 207 


the most probable values of the corrections z, y, z, are found 
by making the differential coefficients of © equal to zero, 
that is, by making v?-++0’?-+4-0'/? 4. &c. an absolute mini- 
mum. Hence this method of combining equations of con- 
dition is called the method of least squares ; and it follows 
from the preceding analysis, that it gives the most probable 
values of the corrections, or the most advantageous results. 
159. As an example, let us suppose there is only one un- 
known element X, of which X, is known to be an approxi- 
mate value, and L, L’, L”’”, &c. are observed values, the 
weights of which are respectively proportional to w, w’, w’, 
&c. and that it is required to determine the most probable 
value of X from the observations, and also the weight of the 
determination. Make (X—L)/w=v, (X,—L)/w=zl, and 
let x be the correction of X, so that X—=X,—z. On sub- 
stituting thisin (X—L)/w=v, we have (X,—2—L)./w=1, 
or v=1,/w—a/w. Each observation gives a similar equa- 
tion, and the equations (1) in (154) consequently become 
Vl /w—a2/w 
UV! —aV 
Wa w"—aV'w", &e. 
therefore, multiplying each by the coefficient of itsown 2, we 
have =S(lw)—z8S (w), whence consequently z=S(lw)~ 
S(w)—£-+-S(w), thatistosay, the most probable value of x is 
Dan bo 4- Ue! 4 Uw! +- &e. 
Ww! tu 4 &e. ” 
and the weight of the determination is proportional to the 
reciprocal of w—+-w/+w’+ &c. 
Since X—L—a«—-, we have also 
3 x— Lw+L’w+L’w+ &e. 
Woh 0! fe Be.” 
whence this proposition: If a series of values of an element 
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are found from observations which have not all the same 
degree of precision, the most probable value of the element 
is found by multiplying each observation by a number pro- 
portional to its weight, and dividing the sum of the products 
by the sum of the weights; and the comparative weight of 
the result is unit divided by the sum of all the weights. 

If the weights be all equal, and the number of the obser- 
vations be h, then X=(L+L’+L”+ &c.)+h; that is to 
say, the average of a series of equally good observations 
gives the most probable value. The average may, there- 
fore be considered as a particular casc of the method of 
least squares. 

160. To illustrate the method of proceeding when there 
are several elements to be corrected from the observations, 
we shall take the following numerical example from Gauss 
(Theorta Motus). Suppose there are three elements, and 
that three observations, of equal weight, have given the 
equations 7—y -+- 22=3, 3x 4 2y—5z=5, 4a-+y442=21; 
and that a fourth observation, of which the relative weight 
is one-fourth, or its precision one-half, of that of the others 
has given —27+6y+6z—28. The first step is to reduce 
this last equation to the same standard of weight with the. 
others, for which purpose it must be multiplied by 4; it 
then becomes —z + 3y-+4-3z=14. Now, as 2, y, and z can- 
not be determined so as to satisfy four independent equa- 
tions, we suppose each observation, or equation, to be affect- 
ed with an error v, and accordingly obtain the following 
system of equations, corresponding to equations (1), viz. : 

v= —3 4+ 7—y + 2z 

U =—5 4-32 4+ 2y—5z 
v= —21 +4e4y+442 
v"=—l4—2-+- 37 +32, 
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from which the most probable values of 2, y, and z are to 
be deduced. Let each equation be multiplied by the co- 
efficient of its own «, taken with its proper sign, namely, 
the first by 1, the second by 3, the third by 4, and the 
fourth by —1; the results added together give the value 
of é, namely, £==—-88+ 27z+6y. In like manner, let the 
first be multiplied by —I, the second by 2, the third by 1, 
and the fourth by 3, the sum of the products will give n. 
Lastly, let the equations be multiplied respectively by the 
coefficients of z, and the sum of the products made equal to 
~¢; we have then the following equations corresponding to 
the equations (4) 

£==—88 + 27x + 6y +0 

n==—70 + 62 + ldy +2 

(=—107 +0 +y+ 542. 
From these we get by elimination 

19899a=49154 + 809£—324n + 6¢ 
737y=2617—12é + 54n—€ 
397 98z—=7 6242 + 12£—54n + 14736, 

whence (157) A, B, C, the most probable values of z, y, z, 


are respectively 


49154 2617 76242 
a — pacer eee ceecu ess , C= —— = 1916; 
et Oem epee TC 
and the relative weights w, w’, w’, are respectively 
19899 737 Ba SLi) sk, 
w= —559 = 24-6, = 3 136, w =7473 ==2/'0, 


whence the probable errors ‘i 476936-~- ,/w) arerespectively 
096, °129, -092. + 

The method of least squares, to which modern astrono- 
my is indebted for much of its precision, was first proposed 
by Legendre, in his Nouvelles Methodes pour la Determi- 
nation les Orbites des Cometes, (Paris, 1806,) merely as 
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means of avoiding inconvenience and uncertainty arising 
from the want of a uniform and determinate. method of 
combining numerous equations of condition, and without 
reference to the theory of probability. The'ssame method, 
however, had previously been discovered by Gauss, and a 
demonstration of it, deduced from the general theory of 
chances, was given by him in his Theoria Motus, (1809.) 
It may be shewn in various ways, that this method of com- 
bination gives values of the unknown quantities affected 
with the smallest probable errors ; but it is to be observed, 
that all the demonstrations are subordinate to the hypo- 
thesis, that positive and negative errors of equal magni- 
tude are equally probable, or that the average of a large 
number of results gives the most probable value, and con- 
sequently that the function which represents the probabi- 
lity of an error has the form assigned to it in (132). 

The limits of this article will not permit us to enter into 
further details respecting the applications of the method of 
least squares. On the general theory of the probable 
errors of results deduced from observation, and the most 
advantageous methods of combining equations of condition, 
the reader may consult the Théorie Analytique des Proba- 
bilités of Laplace ; the Theoria Motus of Gauss ; the The- 
oria Combinationis Observationum, and the Supplementum 
Theorie Combinationis, &c. (Gottingen, 1828) of the same 
author ; the Recherches sur la Probabilité des Jugements, 
with the two Memoirs of Poisson in the Connaissance 
des Tems for 1827 akd 1832; and three masterly papers, 
by Mr. Ivory, in the Philosophical Magazine for 1825. In 
the volumes of the Berliner Astronomisches Jahrbuch for 
1833, 1834, and 1835, M. Encke has treated the subject 
at great length, and given a number of formule calculated 


OF LEAST SQUARES. 211 


to facilitate the labours of the computer. We may also 
refer, in conclusion, to a very recent and remarkable dis- 
quisition on the theory of probable errors, by the celebrated 
astronomer Bessel, forming Nos. 358 and 359 of Schuma- 
cher’s Astronomische Abhandlungen, Altona, October 1838. 


TABLE 


OF THE 


VALUES OF THE INTEGRAL 


2 a 
on — fe" dt=1— 
NJ o 
for intervals each =°01, from r==0 to r==3, with their first 
and second differences. 


ie 


@ 
edt, 


v 2) A A? 
0-00 | 0-0000000 | 112833] 22 
0:01; °0112833/ 112811; 45 
0:02) 0225644) 112766) 67 
0-03} °0338410| 112699} 90 
0:04| -0451109 | 112609 | 112 
0:05| :0563718 | 112497 | 135 
0:06} -0676215/ 112362 | 158 
0-07} °0788577 | 112204 | 179 
0-08 | :0900781 | 112025 | 201 
0-09 | -1012806 | 111824 | 224 
0-10} 1124630 | 111600 | 246 
O-11} °1236230 | 111354 | 267 
0-12} 1347584 | 111087 | 288 
0:13} +1458671 | 110799 | 310 
0-14!) +1569470 | 110489 | 331 
0:15} -1679959 | 110158 | 352 
0:16} °1790117 | 109806 | 372 
0-17} +1899923 | 109434 | 393 
0-18} +2009357 | 109041 | 414 
0-19} °2118398 | 108627 | 434 
0-20} +2227025 108193] 453 
0:21} 2335218 | 107740 | 473 
0-22] -2442958 107267 | 492 
0-23} °2550225) 106775 | 512 
0-24 +-2657000} 106263} 529 
0-25} +2763263) 105734 | 549 
0-26| -2868997| 105185} 567 
0:27} -2974182| 104618 | 584 
0-28! -3078800 | 104034 | 601 
0:29} -3182834 | 103433} 619 


e) A la 
3286267 | 102814) 636 
-3389081 | 102178 | 652 
-3491259 | 101526 | 667 
-3592785 | 100859 | 684 
-3693644 | 100175 | 698 
‘3793819 | 99477| 714 
-3893296 | 98763 | 729 
3992059 | 98034) 742 
-4090093 | 97292| 755 
4187385 | 96537] 769 
-4283922 | 95768/ 782 
4379690 | 94986 | 795 
4474676 | 94191 | 807 
-4568867 | 93384) 817 
-4662251 | 92567 | 830 
4754818 | 91737 | 840 
4846555 | 90897 | 851 
4937452 | 90046 | 861 
5027498 | 89185 869 
5116683 | 88316 | 878 
«5204999 87438 | 888 
5292437 | 86550 896 
-5378987 | 85654 903 
-5464641 | 84751 910 
5549392 | 83841 /917 
-5633233 | 82924 923 
‘5716157 | 82001 | 930 
-5798158 | 81071 | 935 
5879229 | 80136 940 
-5959365 | 79196 945 
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7 ) A |A?*] ¢ ) 7 
0-60 | 06038561 | 78251| 9491-00] -8427008| 41097 | 822 
0-61} -6116812| 77302|953]1-01| -8468105| 40275] 813 
0-62| -6194114| 76349| 955] 1-02] -8508380| 39462 | 805 
0-63| +6270463| 75394959] 1-03] -8547842| 38657 | 796 
0-64| -6345857) 74435 |96211-04| -8586499| 37861 | 736 
0-65| -6420292| 73473|96311-05| -8624360| 37075] 777 
0-66| -6493765| 72510|965]1-06| -8661435| 36297| 768 
0-67| -6566275| 71545 | 96611-07| -8697732| 35529 | 760 
0-68] +6637820| 70579 | 968} 1-08] -8733261| 34769 | 749 
0-69| -6708399| 69611|967]1:09| -8768030| 34020 | 740 
0-70] -6778010| 68644|96811-10] -8802050| 33280| 731 
0-71] -6846654| 67676|96841-11| -8835330| 32549 | 721 
0.72| -6914330| 66708 | 966} 1-12| -8867879| 31828 | 712 
0-73| -6981038| 65742|96641-13| -8899707| 31116] 701 
0-74| -7046780| 64776| 965} 1-14| -8930823| 30415| 691 
0-75| -7111556] 63811 |962]1-15| -8961238| 29724. 682 
0-76| °7175367| 62849|96111-16| -8990962| 29042| 672 
0-77| +7238216| 61888|957}1-17| -9020004| 28370 | 661 
0-78| -7300104| 60931 | 9564 1-18} -9048374| 27709 | 652 
0-79| -7361035| 59975|952]1-19| -9076083| 27057 | 642 
0-80} -7421010| 59023/ 948}1-20| -9103140! 26415] 631 
0-81| -7480033| 58075 /945]1-21| -9129555| 25784| 622 
0-82| -7538108| 57130) 941] 1-22] -9155339| 25162] 611 
0-83| -7595238| 56189| 936] 1-23) -9180501| 24551| 602 
0-84| -7651427| 55253) 931}1-24| -9205052| 23949| 591 
0-85| -7706680| 54322 | 926] 1-25| -9229001! 23358! 581 
0:86] -7761002| 53396 | 921] 1-26] -9252359| 22777) 571 
0:87] -7814398| 52475 /|916]1-27| -9275136| 22206! 561 
0-88] -7866873| 51559 | 909] 1-28| -9297342| 21645) 552 
0.89] -7918432| 50650 | 904] 1-29| -9318987| 21093] 541 
0-90| -7969082| 49746|897]1-30| -9340080, 20552] 532 
0-91} -8018828| 48849 | 891] 1-31] -9360632! 20020] 522 
0-92] -8067677| 47958 | 883] 1-32| -9380652| 19498] 511 
0-93| -8115635| 47075| 877] 1-33] -9400150| 18987] 502 
0-94] -8162710| 46198| 870] 1-34] -9419137| 18485] 493 
0-95] -8208908| 45328 / 861] 1-35] -9437622| 17992] 482 
0-96| -8254236| 44467| 855] 1-36| -9455614| 17510) 474 
0-97| -8298703] 43612/ 846] 1-37| -9473124| 17036/ 463 
0:98| -8342315| 42766| 839] 1-38] -9490160| 16573| 455 
0-99| -8385081] 41927 8301 1-39] -9506733| 16118] 445 
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1-40 | 0-9522851 | 15673) 435 ]1-80| -9890905 4340 
1-41} -9538524} 15238/|42771-81| -9895245 4186 
1-42| -9553762| 14811/|418]1-82| -9899431 4.036 
1-43] -9568573| 14393 | 409]1°83) -9903467 3892 
1-44| -9582966| 13984 /399] 1-84! -9907359 3751 
1-45| -9596950} 13585/391L]1-85} -9911110 3615 
1-46] -9610535| 13194/382] 1-86) -9914725 3482 
1-47] -9623729| 12812|}374]1-87| -9918207 3355 
1-48] -9636541|] 12438/36541-88| -9921562 3231 
1-49| -9648979| 12073|35711-89| -9924793 3111 
1-50} -9661052| 11716/34941°90| -9927904 2995 
1°51 | ° -9672768| 11367 | 340] 1°91] -9930899 2883 
1°52} -9684135] 11027) 33241°92| -9933782 2775 
1°53} -9695162| 10695! 325%1°93| -9936557 2669 
1-54! -9705857 |} 10370|31641-94| -9939226 2568 
1°55} -9716227| 10054) 309}1-95| -9941794 2469 
1-56| -9726281| 9745)301}196| -9944263 2374 
1-57| -9736026 9444; 29451-97| -9946637 2283 
1°58| -9745470 9150 | 286% 1°98} -9948920 2194 
1-59| -9754620 8864/ 2791199! -9951114 2109 
1-60} .9763484 8585 | 273} 2°00} -9953223 2025 
1-61| .9772069 8312 | 264) 2-01} -9955248 1947 
1-62) -9780381 8048 | 259% 2:02} -9957195 1868 
1:63} 9788429 7789 | 2512-03} -9959063 1795 
1-64) -9796218 7538 | 245 42°04) -9960858 1723 
1-65| -9803756 7293 | 238 12-05) -9962581 1654 
1:66} -9811049 7055 | 231] 2-06| -9964235 1587 
1‘67| -9818104 6824 | 226} 2-07; -9965822 1522 
1:68| -9824928 6598 | 220 1 2-08| -9967344 1461 
1:-69| -9831526 6378 | 212%2-09| «9968805 1400 
1-70| -9837904 6166 | 208} 2-10| -9970205 1343 
1-71] -9844070| 5958/201}2-11| -9971548 | 1288 
1-72] -9850028 5757 | 196] 2-12| -9972836 1234 
1:73] -9855785| 6561|190}2-13| -9974070 | 1183 
1-74| -9861346 5371|}18542-14| -9975253 1133 
1°75| -9866717 5186/179§ 2:15| -9976386 1086 
1-76| -9871903 500711754 2-16| -9977472 1039 
1-77] -9876910 4832|168}2-17| -9978511 994 
1-78| -9881742 4664|16542-18| -9979505 954 
1:79| -9886406 4499| 159 }2-19| -9980459 913 
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2-20) 0-9981372 872; 3712-60| -9997640; 127 | 6 
2:21| -9982244 835| 36]2-61| 9997767} 121 | 6 
2.22) -9983079 799| 354]2-62| -9997888! 115 | 6 
2-23) -9983878 764| 3312-63} -9998003! 109 | 6 
2:24) -9984642 731\ 3312-64] -9998112) 103 | 5 
2-25) -9985373 698| 3012-65] -9998215! 98 5 
2.26) -9986071 668| 3012-66| -9998313| 93 5 
2°27) -9986739 638| 2912-67] -9998406| 88 4 
2:28] -9987377 609| 2712-68! -9998494! 84 5 
2-29] -9987986 582| 26] 2-69) 9998578 79 4 
2-30] -9988568 556| 2512-70] -9998657| 75 4 
2-31] -9989124 531| 2412-71] -9998732) 71 4 
2-32} -9989655 507| 2312-72} -9998803: 67 4 
2-331 .9990162 484 | 23}2-73| -9998870; 63 2 
2°34) -9990646 461| 20]2.74| -9998933 61 4 
2-35] -9991107 441| 2112-75] 9998994 67 | 3 
2-36) -9991548 420| 1912-76] -9999051| 54 3 1 
2-37| -9991968 401| 19}2:77| -9999105| 51 3 
2-38| 9992369] 382| 1842-78] 9999156, 48 | 2. 
2-39) -9992751 364| 17] 2-79| 9999204: 46 3" 
2-40} -9993115 347 | 161280] -9999250| 43 Q 
2-41) -9993462 331] 1642-81] -9999293| 41 3 
2°42) .9993793 315| 151 2:82] -9999334| 38 l 
2-43} -9994108 300| 141283] -9999372' 37 3 
2-44) -9994408 286| 1412°84| -9999409' 34 1 
2:45) -9994694 272| 1212-851 -9999443| 33 Q 
2-46] -9994966 260| 1412-86] -9999476| 31 2 
2-47) -9995226 246| 1112°87| -9999507| 29 2 
2-48! -99954.72 235| 1212-88] -9999536| 927 1 
2:49} .9995707 223| 10]2:89| -9999563| 26 2 
2-50| -9995930 213) 1112-90] -9999589; 24 | 1 
2-51) -9996143 202} 10}2-91) -9999613! 23 l 
2-52) -9996345 192| 9]2-92| -9999636| 92 1 
2-53) -9996537 183} 1012-93] -9999658| 21 2 
2-54) -9996720 173| 84 2°94] -9999679| 19 1 
2°55) -9996893 165| 842-95] -9999698| 18 1 
2-56) -9997058 157| 9892-96] -9999716| 17 |... 
2-57| -9997215 149} 842-97] -9999733| ... |... 
2-58 -9997364 141| 6 eels 
2°59| -9997505 135| 843-00] -9999779 


—— 


ERRATA. 


Page 40, note, for Essai sur les Probabilités, read Théorie 
Analytique des Probabilites. 
— 43, for adopt, read adapt. 


_ 49, line 13, read beginning with. In the note, read 


Traité Flémentaire. 


— 89, line 9, for m—m, read m+m’. 
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